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Compact homogeneous Riemannian manifolds
with low co-index of symmetry
Ju¨rgen Berndt Carlos Olmos Silvio Reggiani
Abstract
We develop a general structure theory for compact homogeneous Riemannian
manifolds in relation to the co-index of symmetry. We will then use these results
to classify irreducible, simply connected, compact homogeneous Riemannian mani-
folds whose co-index of symmetry is less or equal than three. We will also construct
many examples which arise from the theory of polars and centrioles in Riemannian
symmetric spaces of compact type.
Keywords. Compact homogeneous manifolds, symmetric spaces, index of symme-
try, Killing fields, polars, centrioles
1 Introduction
A homogeneous manifold is a manifoldM together with a Lie groupG acting transitively
on M . Homogeneous manifolds are of particular interest in geometry, topology, algebra
and physics. In the context of Riemannian geometry one is interested in homogeneous
Riemannian manifolds, where the group G acts transitively by isometries. Killing fields
are vector fields preserving the metric on the manifold. Such vector fields are of interest
in particle physics where they correspond to symmetries in theoretical models. On a ho-
mogeneous Riemannian manifold there are many Killing vector fields. More precisely, a
connected complete Riemannian manifoldM is homogeneous if and only if at every point
p ∈ M and for every v ∈ TpM there exists a Killing field X on M with Xp = v. This
characterization of homogeneous Riemannian manifolds is very useful.
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A Killing field is uniquely determined by its value and its covariant derivative at a
point. Important classes of homogeneous Riemannian manifolds are obtained by impos-
ing additional conditions on the covariant derivative of its Killing fields. For example, a
homogeneous Riemannian manifold M is a Riemannian symmetric space if and only if
for every point p ∈ M and every v ∈ TpM , there exists a Killing field X on M with
Xp = v and (∇X)p = 0. Riemannian symmetric spaces were classified by ´Elie Cartan
and there is a beautiful theory relating such spaces to the algebraic theory of semisimple
Lie algebras (see e.g. [3]).
Motivated by this characterization of symmetric spaces, the second and third author
together with Tamaru introduced in [8] the index of symmetry of a Riemannian mani-
fold. Let M be a Riemannian manifold and denote by K(M) the Lie algebra of Killing
fields on M . For q ∈ M define the symmetric subspace sq of TqM by sq = {Xq ∈
TqM : X ∈ K(M) and (∇X)q = 0}. The index of symmetry is(M) of M is de-
fined as is(M) = inf{dim(sq) : q ∈ M}, and the co-index of symmetry cis(M) is
defined by cis(M) = dim(M) − is(M). If M is a homogeneous Riemannian manifold,
say M = G/H , then the symmetric subspaces form a G-invariant distribution s on M .
This distribution is called the distribution of symmetry on M . In [8] it was shown that the
distribution of symmetry is integrable and its maximal integral manifolds are Riemannian
symmetric spaces which are embedded in M as totally geodesic submanifolds. For nor-
mal homogeneous Riemannian manifolds and a class of naturally reductive homogeneous
Riemannian manifolds the distribution of symmetry was explicitly determined in [8].
As mentioned above, a homogeneous Riemannian manifold is a Riemannian symmet-
ric space if and only if cis(M) = 0. Thus the co-index of symmetry can be regarded as
a measure for how far a homogeneous Riemannian manifold fails to be a Riemannian
symmetric space. The purpose of this paper is to develop some general structure theory
for compact homogeneous Riemannian manifolds in relation to the co-index of symmetry.
We will then use these results to classify irreducible, simply connected, compact homoge-
neous Riemannian manifolds whose co-index of symmetry is less or equal than 3. We will
also determine the co-index of symmetry for compact homogeneous Riemannian mani-
folds which arise as total spaces over polars in Riemannian symmetric spaces of compact
type and whose fibers are centrioles.
The paper is organized as follows. In Section 2 we present some basic results about
Riemannian symmetric spaces and which will be used later.
In Section 3 we investigateG-invariant autoparallel distributionsD on compact homo-
geneous Riemannian manifoldsM = G/H . Such a distribution is said to be strongly sym-
metric with respect to G if every maximal integral manifold L of D is a Riemannian sym-
metric space and the transvection group of L is contained in {g|L : g ∈ G and g(L) = L}.
The main result is Theorem 3.7 which says, roughly speaking, that if the co-rank k of a
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strongly symmetric G-invariant distribution on G/H satisfies k ≥ 2, then M is a homo-
geneous space of a normal semisimple subgroup G′ of G with 2 dim(G′) ≤ k(k + 1).
In Section 4 we introduce the index and co-index of symmetry and review some results
from [8].
In Section 5 we develop some general structure theory for compact homogeneous
Riemannian manifolds in relation to the co-index of symmetry. The main result in this
section is Theorem 5.3: Let M be a simply connected compact homogeneous Rieman-
nian manifold and assume that M does not split off a symmetric de Rham factor. Then
k = cis(M) ≥ 2 and there exists a transitive semisimple normal Lie subgroup G′ of the
isometry group of M such that 2 dim(G′) ≤ k(k + 1). The equality holds if and only if
the universal covering group of G′ is Spin(k + 1). Moreover, if the equality holds and
cis(M) ≥ 3, then the isotropy group of G′ has positive dimension.
In Section 6 we investigate compact homogeneous Riemannian manifolds with cis(M)
= 3. We will construct explicitly a 2-parameter family of non-homothetical SO(4)-
invariant Riemannian metrics on M = SO(4)/SO(2) with cis(M) = 3. The main result
is Theorem 6.7 and states that every irreducible, simply connected, compact homoge-
neous Riemannian manifold with cis(M) = 3 is homothetic to M = SO(4)/SO(2) with
such a Riemannian metric.
In Section 7 we investigate compact homogeneous Riemannian manifolds with cis(M)
= 2. We will construct explicitly two 1-parameter families of non-homothetical left-
invariant Riemannian metrics on M = Spin(3) with cis(M) = 2. The main result is
Theorem 7.1 and states that every irreducible, simply connected, compact homogeneous
Riemannian manifolds with cis(M) = 2 is homothetic to M = Spin(3) with such a
left-invariant Riemannian metric.
In Section 8 we review the construction by Nagano and Tanaka in [4] of certain fibra-
tions K+/K++ → K/K++ → K/K+. Let M = G/K be a simply connected Rieman-
nian symmetric space of compact type such that K is the isotropy group of G at o ∈ M .
Let p be an antipodal point of o in M . Then the orbit B = K · p = K/K+ of K through
p is a so-called polar of M . Assume that dim(B) > 0 and that B is irreducible. Let q be
the midpoint of a distance minimizing geodesic joining o and p and assume that the orbit
S = K · q = K/K++ is not a Riemannian symmetric space with respect to the induced
metric from M . The fibers K+/K++ of the fibration K/K++ → K/K+ are centrioles in
M . We will show in Theorem 8.1 that the co-index of symmetry of the orbit S = K/K++,
with the induced Riemannian metric, is equal to the dimension of the polar B = K/K+.
This provides many examples of compact homogeneous Riemannian manifolds for which
the co-index of symmetry can be calculated explicitly in a rather simple way.
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2 Preliminaries and basic results
Let M = G/K be an n-dimensional, connected, simply connected, Riemannian symmet-
ric space, where n ≥ 2 and (G,K) is an effective symmetric pair. We denote by I(M) the
full isometry group of M and by Io(M) the connected component of I(M) containing
the identity transformation of M . Note that G = Io(M) if the Riemannian universal cov-
ering space of M has no Euclidean de Rham factor, or equivalently, if M is a semisimple
Riemannian symmetric space. The geodesic symmetry at p ∈ M will be denoted by σp.
A Riemannian symmetric space is said to be inner if σp ∈ Io(M) for one (and hence for
all) p ∈M .
Lemma 2.1. Let γ ∈ ZI(M)(G) be in the centralizer of G in I(M) and assume that for
every q ∈ M with γ(q) 6= q the isometry γ translates a minimizing geodesic in M joining
q and γ(q). Then we have σpγσ−1p = γ−1 for all p ∈ M . If, in particular, M is inner, then
γ2 = idM .
Proof. Let p ∈ M and put γ¯ = σpγσ−1p . It is clear that γ¯ and γ¯−1 satisfy the assumptions
of this lemma. Let q ∈M with γ(q) 6= q. By assumption, there exists a geodesic β : R→
M through q and γ¯(q) which minimizes the distance between q = β(0) and γ¯(q) = β(a)
with a > 0 and is translated by γ¯. Then γ¯(β(t)) = β(t+ a) and γ¯−1(β(t)) = β(t− a) for
all t ∈ R. Since γ ∈ ZI(M)(G) and σqσp ∈ G, we have γ(q) = (σqσp)γ(σqσp)−1(q) and
therefore
γ(q) = σqγ¯(q) = σqβ(a) = β(−a) = γ¯−1(β(0)) = γ¯−1(q) = σpγ−1σ−1p (q),
which implies σpγσ−1p = γ−1.
Remark 2.2. A well-known result of Joseph Wolf states that in a homogeneous Rieman-
nian manifold N any geodesic loop must be a closed geodesic. In fact, let β : R → N
be a unit-speed geodesic and let X be a Killing field on N with X(β(0)) = β ′(0). Then
it follows from the Killing equation that the inner product between X(β(t)) and β ′(t) is
a constant function. The value of the inner product at t = 0 is equal to 1. Assume that
β(0) = β(a) with some a 6= 0. Then the inner product between X(β(a)) = X(β(0)) =
β ′(0) and β ′(a) is equal to 1, and it follows from the Cauchy-Schwartz inequality that
β ′(0) = β ′(a), which shows that β is a closed geodesic.
Corollary 2.3. Let M = G/K be a Riemannian globally symmetric space, where (G,K)
is an effective symmetric pair. Let pi : M → N = G/K¯ be a G-equivariant local isom-
etry, where the action of G on N is almost effective. Then N is a Riemannian globally
symmetric space.
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Proof. Let Γ ⊂ I(M) be the group of deck transformations of N . We can assume that pi
is not a global isometry, or equivalently, that Γ is non-trivial. Since the action of G on M
projects to an action on N , M is connected and Γ is discrete, it follows that G normalizes
Γ. Let idM 6= γ ∈ Γ, q ∈ M , and let β : R → M be any minimizing geodesic between
β(0) = q and β(a) = γ(q). The geodesics γ(β(t)) and β(t) in M project to the same
geodesic β¯(t) = pi(β(t)) = pi(γ(β(t))) in N . Since β¯(0) = β¯(a), it follows from Remark
2.2 that the geodesic β¯ inN is periodic with period a (not necessarily the smallest period).
This implies that γ(β(t)) = β(t+a) and so γ translates the geodesic β. From Lemma 2.1
we get σpγσ−1p = γ−1 for all p ∈ M and γ ∈ Γ. This implies that the geodesic symmetry
σp on M descends to a geodesic symmetry of N . We now conclude that N is globally
symmetric.
Remark 2.4. Conjugation by σp defines a group automorphism of Γ, and the proof of
Corollary 2.3 shows that this automorphism is given by γ 7→ γ−1. This implies that Γ
is an abelian group, which reflects the well-known fact that the homotopy group of a
globally symmetric space is an abelian group. From Lemma 2.1 we also see that Γ must
be isomorphic to a direct product Z2 × . . .× Z2 if M is an inner Riemannian symmetric
space.
Remark 2.5. In this remark we fill a gap in the proof of Lemma 5 on page 491 of [2]
for the global symmetry and simplify the arguments. In fact, condition (*) in [2, page
493] needs not to be true a priori, since the equality only holds for the restriction of those
groups to the flat. Let us keep the notation of [2] and prove Lemma 5.
For any maximal flat F in the globally symmetric space X let τF be the abelian sub-
group of I0(X) which consists of the glide translations along geodesics in F . More pre-
cisely, τF = {Exp(X) : X ∈ p}, where p is the Cartan subspace at some point p ∈ F .
The abelian subgroup τF is a normal subgroup of IF (M), the subgroup of I(X) which
leaves F invariant. Since any element of ΓF ⊂ Γ acts as a translation on F (Sublemma
1 is correct!) it follows that τF commutes with ΓF . In fact, for all g ∈ ΓF and X ∈ p
we have gExp(X)g−1 = Exp(g∗(X)) ∈ τF . Since g restricted to F is a translation, this
implies g∗(X) = X .
From the assumptions of Lemma 5 one obtains that {g˜τF g˜−1 : g˜ ∈ G˜} contains any
geometric transvection subgroup {Exp(tX) : t ∈ R} where X belongs to any Cartan
subspace. Then G˜ and τF generate T , the full transvection group of X . Since G˜ and τF
commute with any element of ΓF we conclude that T commutes with ΓF . Since, as stated
in Sublemma 1, Γ is the union of ΓF , F an arbitrary flat, we obtain that T commutes
with Γ. Since the geodesics in M have no self-intersection (since they lie in a globally
symmetric 1-1 immersed flat), we have that any γ ∈ Γ satisfies the assumptions of Lemma
2.1. Then σp(Γ) = Γ and so the geodesic symmetry σp descends from X to the quotient
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M , which implies that M is globally symmetric. This completes the proof of Lemma 5
on page 491 of [2].
Let M = G/K be a connected, simply connected, Riemannian symmetric space,
where (G,K) is an effective symmetric pair. Denote by g the Lie algebra of G. Assume
that every Killing field X on M , X ∈ g, is bounded. This is equivalent to saying that
the de Rham decomposition of M does not contain a Riemannian symmetric space of
noncompact type. Let M = Rk ×M1 × ... ×Mr be the de Rham decomposition of M
(k = 0 is possible) and let us write
G/K = Rk × (G1/K1)× ...× (Gr/Kr).
where Mi = Gi/Ki is a connected, simply connected, Riemannian symmetric space of
compact type. If Mi is not of group type, then Gi is a compact simple Lie group. If
Mi is of group type then Gi = G¯i × G¯i where G¯i is a compact simple Lie group and
Ki = diag(G¯i × G¯i). Moreover, Mi ≃ G¯i.
Choose p = (p0, . . . , pr) ∈ M so that K = Gp is the isotropy subgroup of G at p.
Then the isotropy representation of K on TpM is, up to the trivial representation on Rk,
the direct sum of the irreducible representations of Ki on TpiMi.
Definition 2.6. The Lie algebra gi of Gi (i = 1, . . . , r), considered as a subalgebra of g,
is called a symmetric irreducible factor of g.
Note that a symmetric irreducible factor of g is either a simple Lie algebra or the direct
sum of a simple Lie algebra with itself.
Let N = G/K¯ be a Riemannian symmetric space which is not necessarily simply
connected. We assume that N is equivariantly covered by M = G/K; see Corollary 2.3.
Then the autoparallel distributions on M corrresponding to the factors in the de Rham
decomposition of M induce autoparallel distributions on N . In fact, any element γ in
the group Γ of deck transformations of the projection pi : M → N commutes with the
transvection group G of M . This implies that γ preserves the autoparallel distribution on
M associated to any of its de Rham factors. If K¯o is the connected component of K¯, then,
as for the simply connected case, the isotropy representation of K¯o decomposes, up to a
trivial representation, as a direct sum of irreducible representations.
The following lemma is easy to prove.
Lemma 2.7. Let N = G/K¯ be a Riemannian globally symmetric space, where G is the
group of transvections (N is not assumed to be simply connected). Let g˜′ be an ideal of g
that contains the abelian part of g. Assume that G˜′ does not act transitively on N , where
G˜′ is the normal Lie subgroup of G with Lie algebra g˜′. Let gˆ be a complementary ideal
to g˜′. Then gˆ contains an irreducible symmetric factor gi of g.
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Remark 2.8. If in the situation of Lemma 2.7 the symmetric spaceN is simply connected,
and if Gˆ contains only one of the two factors of Gi = G¯i × G¯i, where Mi is a de Rham
factor of group type, then Gˆ/Gˆp is not a symmetric presentation of the symmetric orbit
Gˆ · p, p ∈ N .
3 Symmetric autoparallel distributions
LetM = G/H be an n-dimensional compact homogeneous Riemannian manifold, where
n ≥ 2 and G is a connected Lie subgroup of I(M). Let D be an autoparallel G-invariant
distribution on M of rank r > 0. We denote by k = n− r = dim(M)− rk(D) the corank
of D. The maximal integral manifold of D containing a point p ∈ M will be denoted by
L(p). Note that L(p) is a totally geodesic submanifold of M since D is autoparallel. For
all g ∈ G and p ∈M such that g(L(p)) = L(p) we denote by g|L(p) the isometry on L(p)
which is obtained by restricting g to L(p). If X is a Killing field on M which is induced
by G, then we denote by X|L(p) the restriction of X to L(p).
Definition 3.1. The G-invariant autoparallel distribution D is strongly symmetric with
respect to G if every integral manifold L(p) of D is a globally symmetric space and the
identity component of {g|L(p) : g(L(p)) = L(p), g ∈ G} contains the transvection group
of L(p) (or equivalently, since the Killing fields associated to G are bounded, coincides
with the transvection group of L(p)).
From Corollary 2.3 one has the following equivalent definition:
Definition 3.2. The G-invariant autoparallel distribution D is strongly symmetric with
respect to G if for every p ∈ M and every v ∈ Dp there exists a Killing field X on M
which is induced by G such that Xp = v and X|L(p) is parallel at p.
Let M = G/H be a compact homogeneous Riemannian manifold and let D be a
non-trivial G-invariant distribution on M which is strongly symmetric with respect to G.
Let g = TeG be the Lie algebra of G, where any element X of g is identified with the
Killing field p 7→ X.p = d
dt |t=0Exp(tX)(p) of M . It is important to note that with this
identification the brackets change sign, since the Killing fieldX is related via the isometry
g with the right-invariant vector field of G with initial condition X ∈ TeG. The subspace
gD := {X ∈ g : X lies on D}
of g is an ideal of g since D is G-invariant.
Lemma 3.3. Let g′ ⊂ g be a complementary ideal of gD and let G′ be the normal sub-
group of G with Lie algebra g′. Then 2 dim(G′) ≤ k(k + 1), where k = n − r =
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dim(M)− rk(D) is the corank ofD. Moreover, for k ≥ 2, the equality holds if and only if
the universal covering group of G′ is Spin(k + 1). For k = 1, D is a parallel distribution
and the Riemannian universal covering space ofM splits off a line (and thenM is locally
symmetric).
Proof. Since the integral manifolds of D are not necessarily closed submanifolds of M
(when they have a Euclidean local factor), we will consider, locally, the quotient space of
M by the foliation given by the maximal integral manifolds of D. Let p ∈ M and let U
be the domain of a Frobenius chart of the the distribution D in a neighborhood of p. Let
us denote by F the foliation of U given by the maximal integral manifolds of D|U and by
U¯ = U/F the quotient space. Let pi : U → U¯ be the canonical projection. Any Z ∈ g,
regarded as a Killing field on U , projects via pi to a vector field Z¯ on U¯ , since any g ∈ G
which is close to the identity preserves (locally) the foliation F . We have that Z¯ = 0 if
and only if Z|U is tangent to the distribution D|U .
Let p ∈ U be fixed and let q = g(p) ∈ U . Since D is G-invariant, we have Zq ∈ Dq if
and only if Ad(g)(Z)p ∈ Dp. Let Ω be a neighbourhood of the identity e in G such that
{g(p) : g ∈ Ω} ⊂ U . Then, if Z¯ = 0, we have Ad(g)(Z)p ∈ Dp for all g ∈ Ω. Since Ω
generates G this gives Ad(g)(Z)p ∈ Dp for all g ∈ G. This implies that the Killing field
Z is tangent to D. Therefore, Z ∈ gD if and only if Z¯ = 0.
Let us now consider the normal homogeneous Riemannian metric onM = G/H . This
metric, restricted to U , projects via pi to a Riemannian metric on U¯ . In fact, if p ∈ U , U¯
can be locally regarded as G/H˜, where H˜ ⊃ H is the Lie subgroup of G which leaves
invariantL(p). So any element Z 6= 0 in the complementary ideal g′ of gD can be regarded
as a non-trivial Killing field on U¯ . If p¯ = pi(p), then the map j : g′ → Tp¯U¯ × so(Tp¯U¯),
j(Z) = (Z¯p¯, (∇Z¯)p¯), which assigns to Z the initial conditions of the Killing field Z¯ at p¯,
is injective. Then, since k = dim(U¯), we conclude that 2 dim(G′) ≤ k(k + 1).
We now consider the injective Lie algebra homomorphism pi∗ : g′ → K(U¯), Z 7→ Z¯,
where K(U¯) denotes the Lie algebra of Killing fields on U¯ with the projection of the
normal homogeneous metric on M and where the bracket on g′ is the bracket of Killing
fields. Note that 2 dim(g′) ≤ 2 dim(K(U¯)) ≤ k(k + 1). It follows that U¯ has constant
curvature when 2 dim(g′) = k(k + 1). In this case, since g′ admits a bi-invariant metric,
we get g′ ≃ K(U¯) ≃ so(k + 1). Then the universal covering group of G′ is Spin(k + 1)
if k ≥ 2.
For k = 1 we have dim(G′) = 1. If GD is the normal Lie subgroup of G with Lie
algebra gD, then the GD-orbits in M coincide with the integral manifolds L(q) of D. In
fact, GD cannot be transitive on M since the orbit GD · q is contained in L(q) for all
q ∈ M . Therefore, since G is transitive on M and dim(gD) = dim(g) − 1, any GD-
orbit must have codimension one and therefore GD · q = L(q). Thus GD acts on M with
cohomogeneity one and without singular orbits. In fact, since GD is a normal subgroup
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of G, we have GD · g(q) = g(GD · q) for all g ∈ G. Then the 1-dimensional distribution
perpendicular to theGD-orbits (or equivalently, orthogonal toD), is autoparallel. Since D
is also an autoparallel distribution, then both distributions must be parallel. This implies
that the Riemannian universal covering space of M splits off a line.
Remark 3.4. The normal subgroup GD of G with Lie algebra gD acts effectively on
every integral manifold L(q) of D. In fact, as in Lemma 3.3, let G′ be the normal Lie
subgroup of G associated with a complementary ideal of gD. This gives an almost direct
product G = GD × G′. Since G is transitive on M , the subgroup G′ acts transitively on
the family {L(q) : q ∈ M}. Let g ∈ GD and p ∈ M such that g|L(p) : L(p) → L(p) is
the identity, and let L(q) be another maximal integral manifold of D. Then there exists
g′ ∈ G′ such that g′(L(p)) = L(q). Let q′ = g′(p′) ∈ L(q) with p′ ∈ L(p). Then
g(q′) = g(g′(p′)) = g′(g(p′)) = g′(p′) = q′, and thus g = e.
We continue with the notations and assumptions of Lemma 3.3. Let q ∈M and define
G¯q = {g|L(q) : g(L(q)) = L(q), g ∈ G}o,
which coincides with the transvection group of L(q) since D is strongly symmetric with
respect to G. Let Gq be the isotropy group of G at q and define
K¯q = {g|L(q) : g ∈ Gq}.
Then G¯q/K¯q is a symmetric presentation of the symmetric space L(q). Note that Gq and
hence K¯q are connected if M is simply connected.
The subgroup
G¯′q = {g|L(q) : g(L(q)) = L(q), g ∈ G′}o
is a normal subgroup of G¯q and commutes withGD and G¯q = {g1g2 : g1 ∈ G¯′q, g2 ∈ GD},
where GD is identified with its restriction to L(q). In general G¯′q and GD intersect in a
normal subgroup of G¯′q with positive dimension. Let g¯′q be the Lie algebra of G¯′q and
define u = g¯′q ∩ gD. Let gˆ be a complementary ideal to u in gD. Note that gˆ is an ideal of
the Lie algebra g¯q of G¯q which can be identified with an ideal of g which does not depend
on the choice of q ∈ M . If Gˆ ⊂ GD denotes the normal Lie subgroup of G associated
with gˆ, we have
G¯q = G¯′q × Gˆ (almost direct product).
Recall that G¯q/K¯q is a symmetric presentation of L(q) and that g¯′q is an ideal of g¯q.
Since G′ is transitive on the family {L(q) : q ∈ M} (see Remark 3.4), we see that G′ is
transitive on M if and only if G¯′q is transitive on L(q) for some (or equivalently, for all)
q ∈M . Let gˆ0 be the abelian part of gˆ (which is regarded, depending on the context, as an
ideal of g or as an ideal of g¯q). Moreover, let gˇ′ = g′ ⊕ gˆ0, and let Gˇ′ be the Lie subgroup
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of G with Lie algebra gˇ′. Since M is simply connected, we observe from Remark 3.9 that
G′ acts transitively on M if and only if Gˇ′ acts transitively on M . But this is equivalent
to the fact that H¯ ′q acts transitively on L(q), where H¯ ′q is the (normal) Lie subgroup of
G¯q which is associated with the ideal g¯′q ⊕ gˆ0 of g¯q . Note that this ideal contains always
the abelian part of g¯q. If G′ is not transitive on M , then H¯ ′q is not transitive on L(q). It
follows from Lemma 2.7 that the semisimple part of gˆ, which is a complementary ideal
of g¯′q ⊕ gˆ0, has an irreducible symmetric factor girr. Thus gˆ has an irreducible symmetric
factor girr. Note that girr is an ideal of gD which does not depend on q ∈ M . Thus we
have proved the following lemma:
Lemma 3.5. If G′ is not transitive on M , then gˆ has a non-trivial irreducible symmetric
factor gˆirr.
Remark 3.6. Here we will present an example where u is non-trivial. Let M = G/H
be a normal homogeneous space and decompose g = gss ⊕ gab as a direct sum of ideals,
where gss is semisimple and gab is abelian. Assume that dim(gab) ≥ 2. Let p = [e] and
let V ⊂ TpM be the subspace of fixed vectors of H (via the isotropy representation).
Let W ⊂ V be a subspace of codimension one. We choose X1, . . . , Xk−1 ∈ gab such
that X1.p, . . . , Xk−1.p is a basis of W. Let D be the G-invariant distribution on M with
Dp = W. Note that D is strongly symmetric with respect to G (see [8]). Let Xk ∈ gab be
such that Xk.p ∈ V −W. Then gD is the linear span of X1, . . . , Xk−1. Moreover, if we
define g′ = gss ⊕ R(Xk−1 +Xk), then we obtain u = g¯′p ∩ gD = RXk−1|L(p).
Theorem 3.7. Let M = G/H be an n-dimensional compact simply connected homoge-
neous Riemannian manifold, n ≥ 2. Let D be a G-invariant distribution on M of rank
r > 0 which is strongly symmetric with respect to G, and denote by k = n− r the corank
of D. Assume that M does not split off a symmetric factor whose associated parallel dis-
tribution on M is contained in D. Then k ≥ 2 and there exists a normal semisimple Lie
subgroup G′ of G with 2 dim(G′) ≤ k(k + 1) and acting transitively on M such that its
Lie algebra g′ is a complementary ideal of gD := {X ∈ g : X lies on D}. Moreover, the
equality holds if and only if the universal covering group of G′ is Spin(k + 1).
Proof. The fact that k ≥ 2 follows from Lemma 3.3, since M is compact and simply
connected. Let G′ be given as in Lemma 3.3 and assume that G′ does not act transitively
on M . Then, by Lemma 3.5, gˆ has an irreducible symmetric factor gˆirr which is an ideal
of gD. Observe that girr does not intersect g¯′q. Let g˜ be a complementary ideal of girr in
gD. Let us consider the ideal g˜′ = g′ ⊕ g˜ and its associated normal Lie subgroup G˜′ of G.
Then we have the direct sum decomposition g = g˜′ ⊕ girr of g into two ideals.
Let Girr be the normal Lie subgroup of G with Lie algebra girr. Then G˜′ commutes
with Girr and G = G˜′ × Girr (almost direct product). Every orbit Girr · q is a totally
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geodesic symmetric submanifold of L(q) and ofM . LetKqirr be the isotropy group ofGirr
at q. Then Girr/Kqirr is a symmetric presentation of Girr · q and (Kqirr)o acts irreducibly,
via the isotropy representation, on Tq(Girr · q). Since (Kqirr)o commutes with G˜′, it acts
trivially on the orbit G˜′ · q. Then, since G · q = (G˜′ ×Girr) · q =M , we get
TqM = Tq(G˜
′ · q)⊕ Tq(Girr · q) (orthogonal direct sum)
and G˜′ · q must coincide with the connected component of the fixed point set of (Kqirr)o
containing q. Then G˜′ · q is a totally geodesic submanifold of M and so the distribution
D˜′ on M , given by the tangent spaces of the G˜′-orbits, is autoparallel. Moreover, this dis-
tribution is orthogonal and complementary to the autoparallel distribution Dirr, which is
tangent to theGirr-orbits. Then D˜′ andDirr are parallel distributions andDirr is contained
in D. This contradicts the assumptions of this theorem and therefore G′ acts transitively
on M . The other statements follow from Lemma 3.3.
Remark 3.8. We recall here a well-known fact. Let M be a complete and simply con-
nected Riemannian manifold. Let H be a connected Lie subgroup of I(M) which admits
a bi-invariant Riemannian metric. Assume that all H-orbits have codimension one in M ,
that is, H acts with cohomogeneity one on M and there are no singular orbits. Then M
splits as M = N ×R (generally not a Riemannian product). For the sake of completeness
we will sketch the proof.
Let us change the Riemannian metric ( , ) on M along the distribution T given by the
tangent spaces of the H-orbits. The new metric at q ∈ M , restricted to Tq , is the normal
homogeneous metric on the orbit H · q at q (this is a local construction and it does not
depend on whether the orbit is exceptional or not). The group H acts also by isometries
on M with this new Riemannian metric. If γ(t) is a geodesic which is perpendicular
at γ(0) = p to the orbit H · p, then it is always perpendicular to the H-orbits (since
a Killing field projects constantly on any geodesic). So the distribution ν perpendicular
to the H-orbits is an autoparallel distribution of rank one. Moreover, the one-parameter
perpendicular variation of orbits H · γ(t) (we consider these orbits only locally around
γ(t)) is by isometries. Then the H-orbits are totally geodesic and hence T = ν⊥ is also
an autoparallel distribution. It follows that ν is a parallel distribution and then, by the de
Rham decomposition theorem, M splits off a line.
Remark 3.9. Let M be a compact and simply connected Riemannian homogeneous
space. Let G be a Lie subgroup of I(M) which acts transitively on M . Then the semisim-
ple part Gss of G acts also transitively on M . In fact, let g = gss × Rk, where gss is
semisimple. We always have such a decomposition since I(M) is compact and therefore
G admits a bi-invariant metric. Let 0 ≤ d ≤ k be the smallest integer such that the Lie
subgroup of G with Lie algebra gss × Rd is transitive on M . If d ≥ 1, let G¯ be the Lie
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subgroup of G with Lie algebra gss×Rd−1. Then all orbits of G¯ have codimension one in
M . This is a contradiction since M is compact and simply connected (see Remark 3.8).
Therefore we must have d = 0.
We will need the following result from [6] for the proof of next lemma which we will
use later.
Proposition 3.10 (see Lemma 5.1 in [6]). Let M = G/H be a homogeneous Riemannian
manifold (where G is not necessarily connected), p = [e] and Φ be a normal subgroup
(eventually, finite) of the isotropy group H at p. Let DΦ be the G-invariant distribution
on M such that DΦg(p) ⊂ Tg(p)M is the subspace of fixed vectors of gΦg−1. Then DΦ is an
autoparallel distribution.
Lemma 3.11. Let M = G/H be a compact homogeneous Riemannian manifold and D1
be an autoparallelG-invariant distribution onM which is strongly symmetric with respect
to G. Let D2 be an autoparallel G-invariant distribution on M such that D1 ⊂ D2 and
rk(D2) = rk(D1) + 1. Then D2 is strongly symmetric with respect to G.
Proof. Let q ∈ M and Li(q) be the maximal integral manifold of Di containing q, i =
1, 2. Let v ∈ Tq(L1(q)) be arbitrary. Then, since D1 is strongly symmetric, there exists
X ∈ g, regarded as a Killing field, such that X.q = v and 〈∇wX, z〉 = 0 for all w, z ∈
Tq(L
1(q)). Since Di is G-invariant, X|Li(q) must always be tangent to Li(q), i = 1, 2.
Let ξ ∈ g be such that 0 6= ξ.q ∈ D2q and ξ.q is orthogonal to D1q . Since the projection
of ξ|L1(q) to the tangent space of L1(q) is a bounded Killing field, it lies in the Lie algebra
of the transvection group of L1(q). Since D1 is strongly symmetric, there exists Y ∈ g
such that Y|L1(q) is always tangent to L1(q) and coincides with the projection of ξ|L1(q) to
the tangent spaces of L1(q). So, by replacing ξ by ξ − Y , we may assume that ξ|L1(q) is
always perpendicular to L1(q). Note that ξ|L2(q) must always be tangent to L2(q).
If η ∈ g is tangent to L2(q) and perpendicular to L1(q), then η must be a scalar
multiple of ξ. In fact, let λ ∈ R such that λ(ξ.q) = η.q. Then ψ = η − λξ vanishes
at q and so ψ.q ∈ Tq(L1(q)). Since L1(q) is G-invariant, ψ must always be tangent to
L1(q). However, ψ is always perpendicular to L1(q), and therefore ψ is identically zero
on L1(q). Since the totally geodesic submanifold L1(q) of L2(q) has codimension one,
we get η|L2(q) = 0. We may have chosen, by making use of a bi-invariant metric on g,
ξ ∈ (g0)⊥, where g0 = {X ∈ g : X|L2(q) = 0}. Let G1 be the connected component of
the subgroup of G that leaves L1(q) invariant. If g ∈ G1, then g∗ξ = Ad(g)ξ ∈ (g0)⊥ is
tangent to L2(q) and perpendicular to L1(q). Then Ad(g)ξ is a scalar multiple of ξ. Since
Ad(g) : (g0)
⊥ → (g0)⊥ is an isometry and G1 is connected, we get Ad(g)ξ = ξ and so ξ
commutes with g1.
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Now observe that for all z ∈ Tq(L1(q)) we have 〈∇ξ.qX, z〉 = −〈∇zX, ξ.q〉 = 0,
since X is tangent to the totally geodesic submanifold L1(q) of M . As 〈∇ξ·qX, ξ · q〉 = 0,
we conclude that X|L2(q) is a transvection at q.
Let us now prove that ξ|L2(q) is also a transvection at q. Let X be as above. Since
[X, ξ] = 0 we obtain ∇X.qξ = ∇ξ.qX = 0. Observe also that 〈∇ξ.qξ, v〉 = −〈∇vξ, ξ.q〉 =
0, where v ∈ Tq(L1(q)) is arbitrary. Since 〈∇ξ.qξ, ξ.q〉 = 0, we conclude that ξ|L1(q) is a
transvection at q. It follows that D2 is strongly symmetric.
The proof was rather involved, since we had to use that g admits a bi-invariant metric.
Otherwise, if we consider for example the hyperbolic planeH2 as a solvable Lie group S,
the distribution tangent to the lines that meet at infinity is S-strongly symmetric, but the
distribution TH2 is not S-strongly symmetric.
4 The index of symmetry
In this section we present the definition and some basic facts about the index of symmetry,
for details we refer to [8]. Let (M, 〈·, ·〉) be an n-dimensional Riemannian manifold with
Riemannian metric 〈·, ·〉. We denote by K(M) the Lie algebra of global Killing fields on
M . The Cartan subspace pq at q ∈M is
pq := {X ∈ K(M) : (∇X)q = 0},
where ∇ is the Levi-Civita connection of M . The elements of pq are called transvections
at q. The symmetric isotropy subalgebra at q is
kq := linear span of {[X, Y ] : X, Y ∈ pq}.
For X, Y ∈ pq we have [X, Y ]q = (∇XY )q − (∇YX)q = 0. Thus kq is contained in the
full isotropy algebra Kq(M) = {X ∈ K(M) : Xq = 0}. Moreover, since pq is invariant
under the action of the isotropy algebra at q,
gq := kq ⊕ pq
is an involutive Lie algebra. Let Gq and Kq be the Lie subgroup of I(M) with Lie algebra
gq and kq, respectively.
The symmetric subspace sq of TqM at q ∈M is defined by
sq := {Xq : X ∈ pq}.
The index of symmetry is(M) of M is the infimum of {dim(sq) : q ∈ M}. Note that
dim(sq) = dim(p
q) = dim(L(q)), where L(q) := Gq · q is the so-called leaf of symmetry
containing q. The coindex of symmetry cis(M) of M is defined by cis(M) = n− is(M).
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Facts 4.1 (see [8], Section 3). Let q ∈M .
(a) Gh(q) = hGqh−1 and dqh(sq) = sh(q) for all h ∈ I(M).
(b) L(q) is a totally geodesic submanifold of M and a globally symmetric space.
(c) Gq is a normal subgroup of {g ∈ I(M) : g(L(q)) = L(q)} and Kq is a normal
subgroup of the full isotropy group I(M)q.
(d) If X ∈ pq, then γ(t) = Exp(tX)(q) is a geodesic in M . Moreover, the parallel
transport along γ from q = γ(0) to γ(t) is given by dq Exp(tX).
(e) For every Io(M)-invariant tensor field T on M we have ∇XqT = 0 for all X ∈ pq.
In particular, ∇XqR = 0, where R is the Riemannian curvature tensor of M .
(f) If X ∈ pq and Z is any vector field on M , then ∇XqZ = [X,Z]q.
(g) If M is compact, then Gq acts almost effectively on L(q).
In this paper we will only deal with compact homogeneous Riemannian manifolds
M = G/H . In this case q 7→ sq is a G-invariant, and hence smooth, distribution which is
called the distribution of symmetry of M . The distribution s on M is autoparallel and the
leaves of symmetry L(q) are the maximal integral manifolds of s. Note that the distribu-
tion of symmetry is a strongly symmetric distribution with respect to Io(M). Let K(M)s
be the ideal of K(M) which consists of those Killing fields that are tangent to s.
Remark 4.2. Gq is a Lie subgroup of I(M) but it is not necessarily contained in the
presentation group G of M . In the notation of Section 3, if D = s and G = Io(M), then
G¯q = Gq|L(q).
5 Structure results for spaces with non-trivial index of
symmetry
In this section we develop some general structure theory in relation to the index and
co-index of symmetry. These results are useful for understanding the geometry of (irre-
ducible) compact homogeneous spaces with a non-trivial index of symmetry. Our main
theorem is crucial for classifying compact homogeneous spaces Mn with low co-index of
symmetry k = cis(M), since it gives a bound on the dimension of a transitive group, and
hence on n, in terms of k.
Remark 5.1. (The Jacobi operator in directions of the distribution of symmetry). If X ∈
pq then, from (d) and (e) of Facts 4.1, ∇γ′(t)R = 0, where γ(t) = Exp(tX)(q) is the
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geodesic with initial condition γ′(0) = Xq. Let e1 = Xq, e2, . . . , en be an orthonormal
basis of TqM which diagonalizes the Jacobi operator R·,XqXq at q with corresponding
eigenvalues a1 = 0, a2, . . . , an. Then e1(t), . . . , en(t) diagonalizes R·,γ′(t)γ′(t) with the
same corresponding eigenvalues, where ei(t) denotes the parallel transport of ei along
γ(t). For κ ∈ R we define
sinκ(t) =


1√
κ
sin(
√
κt) , if κ > 0,
t , if κ = 0,
1√−κ sinh(
√−κt) , if κ < 0,
and
cosκ(t) =


cos(
√
κt) , if κ > 0,
1 , if κ = 0,
cosh(
√−κt) , if κ < 0.
Let v = v1e1 + . . .+ vnen and w = w1e1 + . . .+ wnen. Then the Jacobi field J(t) along
γ(t) with initial conditions J(0) = v and J ′(0) = w is given by
J(t) =
n∑
i=1
vi cosai(t)ei(t) +
n∑
i=1
wi sinai(t)ei(t).
Let now Y ∈ K(M) be a Killing field with Yq = ei. Then JY (t) = Yγ(t) is a Jacobi field
along γ(t) with JY (0) = ei. Since M is compact, Y (t) is bounded and thus also JY (t) is
bounded for t ∈ R. From the above description of the Jacobi fields along γ it follows that
ai ≥ 0 for all i = 1, . . . , n. Therefore the Jacobi operatorR·,XqXq is positive semidefinite.
Proposition 5.2. Let M be a homogeneous compact Riemannian manifold with a non-
trivial index of symmetry. Let Iq(M) be the Lie subgroup of I(M) that leaves invariant
the leaf of symmetry L(q). We identify K(M) with the Lie algebra of I(M) and define
mq = {ξ ∈ K(M) : ξ|L(q) is always perpendicular to L(q)}.
Then the following statements hold:
(i) mq is an Ad(Iq(M))-invariant subspace of K(M).
(ii) The linear map Evq : mq → (TqL(q))⊥, ξ 7→ ξq is surjective and
ker(Evq) = {ξ ∈ K(M) : ξ|L(q) = 0}.
(iii) Let 0 6= X ∈ pq be a transvection at q and let γ(t) = Exp(tX)(q). Decompose
Tγ(t)M = E0(t) ⊕ . . . ⊕ Er(t) (E0 may be trivial) into the eigenspaces associated
to the different (constant) eigenvalues 0 = λ0 < . . . < λr of the Jacobi operator
R·,γ′(t)γ′(t). Let ξ ∈ K(M) and let (ξγ(t))i be the orthogonal projection of ξγ(t) onto
Ei(t). Then there exists η ∈ K(M) such that ηγ(t) = (ξγ(t))i.
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Proof. (i) For every g ∈ I(M) the adjoint transformation Ad(g) maps Killing fields to
Killing fields. If, moreover, g ∈ Iq(M), then g(L(q)) = L(q), and thus Ad(g) maps any
Killing field which is perpendicular to L(q) into a Killing field which is perpendicular to
L(q). This proves the statement in (i).
(ii) Let w ∈ (TqL(q))⊥ and choose Z ∈ K(M) with Zq = w. The orthogonal projec-
tion Z¯T of Z|L(q) to TL(q) is an intrinsic transvection of L(q) since Z¯T is bounded. Thus
there exists Y ∈ gq such that Y|L(q) = Z¯T . Then Z − Y is always perpendicular to L(q)
and Evq(Z − Y ) = (Z − Y )q = w. This shows that Evq is surjective. Let ξ ∈ mq with
ξq = 0. Then ξq ∈ TqL(q). Hence, since the foliation of symmetry L = {L(q) : q ∈ M}
is invariant under isometries, ξ|L(q) must always be tangent to L(q). Therefore ξ|L(q) = 0,
which implies the second statement in (ii).
(iii) Since X ∈ pγ(t), we have∇Xγ(t)ξ = ∇Xγ(t)ξ−∇ξγ(t)X = [X, ξ]γ(t), and therefore
[X, [X, ξ]]γ(t) =
D2
dt2
(ξγ(t)) = −Rξγ(t),γ′(t)γ′(t)
by the Jacobi equation. Let Ji(t) be the orthogonal projection ontoEi(t) of the Jacobi field
Jξ(t)) = ξγ(t), i = 0, . . . , r. Observe that Ji(t) is a Jacobi field. Let L : K(M) → K(M)
be the linear map defined by L(η) = [X, [X, η]]. Then
L(ξ)γ(t) = λ0J0(t) + . . .+ λrJr(t),
where −λi ≥ 0 is the eigenvalue of the Jacobi operator R·,γ′(0)γ′(0) associated to Ei(0)
(λ0 = 0). Let us write
Lj(ξ)γ(t) = λ
j
0J0(t) + . . .+ λ
j
rJr(t)
for j = 0, . . . , r − 1, where L0(ξ) = ξ. The vectors v0, . . . , vr of Rr+1 are linearly
independent, where vj = (λ0j , λ1j , . . . , λrj), j = 0, ..., r (since the determinant of Vander-
monde is not zero). It is not hard to see that for every i ∈ {0, . . . , r} there exist scalars
c(i)0, . . . , c(i)r such that
c(i)0ξγ(t) + c(i)1L
1(ξ)γ(t) + . . .+ c(i)rL
r(ξ)γ(t) = L
i(ξ)γ(t) = Ji(t).
Then η = Li(ξ) has the desired properties.
We have the following stronger version of Theorem 3.7 for the distribution of symme-
try, which is a consequence of Theorem 3.7, except for the last assertion which follows
from Lemma 5.4.
Theorem 5.3. Let M be a compact, simply connected, Riemannian homogeneous mani-
fold with coindex of symmetry k. Assume that M does not split off a symmetric de Rham
factor. Then k ≥ 2 and there exists a transitive semisimple normal Lie subgroup G′
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of I(M), whose Lie algebra is a complementary ideal to K(M)s, such that 2 dim(G′) ≤
k(k+1). The equality holds if and only if the universal covering group ofG′ is Spin(k+1).
Moreover, if the equality holds and k ≥ 3, then the isotropy group of G′ has positive di-
mension.
Lemma 5.4. Assume that in Theorem 5.3 the equality holds and so G′ = Spin(k + 1)
acts transitively by isometries on M (almost effective action). Then, if k ≥ 3, the isotropy
group Spin(k + 1)q at q ∈ M has positive dimension (or equivalently, since M is simply
connected, Spin(k + 1)q is not trivial).
Proof. Assume that the isotropy group Spin(k + 1)q is trivial. Let s be the distribution of
symmetry, which has dimension 1
2
k(k − 1), since dim(Spin(k + 1)) = 1
2
k(k + 1). Let
q ∈M and define
Spin(k + 1)q = {g ∈ Spin(k + 1) : g(L(q)) = L(q)}.
Since the isotropy group Spin(k + 1)q is trivial, the group Spin(k + 1)q acts effectively
on L(q) and so it can be identified with the group
Spin(k + 1)q = {g|L(q) ∈ Spin(k + 1) : g(L(q)) = L(q)}o.
From Theorem 5.3 the isometry algebra is given by the following sum of ideals:
K(M) = so(k + 1)⊕ K(M)s. (5.1)
In the notation of this section, since Spin(k + 1) is a normal subgroup of I(M),
Spin(k + 1)q is a normal subgroup of G¯q, where G¯q is the transvection group at q, re-
stricted to L(q). Then, since Spin(k + 1)q acts simply transitively on L(q), L(q) must
be a Lie group with a bi-invariant Riemannian metric (see Lemma 2.7). In general, L(q)
could be non-simply connected. Observe that no element g ∈ I(M)s, the subgroup of
I(M) associated with the ideal K(M)s, can belong to the full isotropy group I(M)q. In
fact, since g commutes with Spin(k + 1)q, which is transitive on L(q), g must be the
identity on L(q) and therefore g = e (see Remark 3.4). Note also that Spin(k + 1)q is
semisimple, since the quotient Spin(k + 1)/Spin(k + 1)q is (equivariantly) isomorphic
to SO(k + 1)/ SO(k) (see the proof of Lemma 3.3). Then L(q) has no flat factor locally.
Using (5.1) this implies that dim(K(M)s) = dim(L(q)) = dim(Spin(k + 1)q) and that
gq = so(k)⊕ K(M)s ≃ so(k)⊕ so(k).
Then Io(M) = Spin(k + 1) × Spin′(k), where the second factor is the subgroup
Spin(k) ⊂ Spin(k + 1), but acting from the right on M ≃ Spin(k + 1), that is, if
g ∈ Spin′(k) then g(q) = qg−1. Note that I(M)s must be transitive on L(q) and so on
any maximal integral manifold of s. This implies that the Riemannian metric on M =
Spin(k + 1) induces a Riemannian submersion onto the quotient
Spin(k + 1)/ Spin(k + 1)q ≃ SO(k + 1)/ SO(k),
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which is a sphere. We are now in the following situation:
(a) M = Spin(k + 1).
(b) Io(M) = Spin(k + 1)× Spin′(k).
(c) The distribution of symmetry is
g 7→ so′(k)g = Ad(g)(so(k)g), g ∈M ≃ Spin(k + 1).
(d) The maximal integral manifolds of the distribution of symmetry are
L(g) = Spin′(k)g = g Spin(k).
(e) The isotropy group at e is
(Io(M))e = diag(Spin(k)) = {(h, h) ∈ Spin(k)× Spin′(k) : h ∈ Spin(k)}.
(f) Ke = (Io(M))e, ke = diag(so(k)), pe = {(v,−v) ∈ so(k)×so′(k)},Ge = Spin(k)×
Spin′(k), ge = so(k) ⊕ so′(k). Recall that Ke acts almost effectively on L(e) (see
Facts 4.1)).
Let X ∈ so(k+ 1) ⊂ so(k+ 1)⊕ so′(k) ≃ K(M). Then the orthogonal projection X¯
of X|L(e) to TL(e) is a bounded Killing field on L(e) and so it belongs to ge|L(e). Since X
commutes with any Killing field induced by so′(k), and Spin′(k) preserve the distribution
of symmetry, we see that so′(k)|L(e) commutes with X¯. Then there must exist Z ∈ so(k)
such that X¯ = Z¯, where Z¯ denotes the restriction of Z to L(e). Then Y = X − Z ∈
so(k+1) is a Killing field whose restriction to L(e) is always perpendicular to L(e). Note
that in this way we can construct such a Killing field Y with an arbitrary initial condition
Ye ∈ s⊥.
Let
m = {Y ∈ so(k + 1) : Y|L(e) is perpendicular to L(e)}.
Then m is an Ad(Spin(k))-invariant complementary subspace of so(k) in so(k + 1). By
Lemma 5.5, if k 6= 3, m = so(k)⊥, where the orthogonal complement is with respect
to the Killing form of so(k + 1). We equip M ≃ Spin(k + 1) with the bi-invariant
Riemannian metric (·, ·). Note that Io(M) = Spin(k + 1) × Spin(k) ⊂ Io(M, (·, ·)) =
Spin(k + 1)× Spin′(k + 1).
If ξ, η ∈ m = so(k)⊥, then these two Killing fields are perpendicular to L(e) =
Spin(k) · e with respect to both Riemannian metrics (·, ·) and 〈·, ·〉 (the given one). More-
over, if X ∈ pe, then X is a parallel vector field at e with respect to both metrics. Note
that the canonical projection to Sk = Spin(k + 1)/ Spin(k) is a Riemannian submersion
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(up to rescaling) with respect to any of the two metrics on M . So, up to rescaling, (·, ·)
coincides with 〈·, ·〉 on so(k)⊥ ≃ (se)⊥. Unless (·, ·) = 〈·, ·〉, this contradicts the so-called
bracket formula of Proposition 3.6 of [8]:
2〈[ξ,X ], η〉e = −〈X, [ξ, η]〉e , 2([ξ,X ], η)e = −(X, [ξ, η])e, (5.2)
taking into account that [so(k)⊥, so(k)⊥] = so(k). Then, if k 6= 3, M ≃ Spin(k + 1) has
a bi-invariant metric and thus M is a symmetric space, which is a contradiction, since the
coindex of symmetry is k. Therefore the isotropy group is non-trivial if k 6= 3.
The case k = 3 is more involved since SO(4) is not simple. Since Spin(4) acts al-
most effectively on the quotient Spin(4)/ Spin(4)e of M by the leaves of symmetry (see
the proof of Lemma 3.3), we see that Spin(4)e cannot be a factor of Spin(4). Then,
according to Remark 5.6, Spin(4)e ≃ Spin(3) is the subgroup of Spin(4) which is
equivalent to the diagonal inclusion of Spin(3) in Spin(4) = Spin(3) × Spin(3). As
remarked above, m = {Y ∈ so(4) : Y|L(e) is perpendicular to L(e)} is an Ad(Spin(3))-
invariant complementary subspace of so(3) in so(4) and gives a reductive decomposition
of Spin(3)× Spin(3)/diag(Spin(3)).
We still have to deal with the cases (1) and (2) of Remark 5.5. In the first case m
is the orthogonal complement with respect to an Ad(SO(4))-invariant bilinear form Q.
Such a form Q is equal to B on the first ideal of so(4) = so(3) ⊕ so(3) and equal to
λB on the second ideal, where 0 6= λ 6= −1 and −B is the Killing form of so(3). The
bilinear form Q induces on M = Spin(4) a bi-invariant pseudo-Riemannian metric. Then
M is a pseudo-Riemannian product of Spin(3) with a bi-invariant Riemannian metric and
Spin(3) with a Riemannian or anti-Riemannian metric (depending on the sign of λ). If
(·, ·) = Q we get the same contradiction as in (5.2) unless 〈·, ·〉 is proportional to Q. Thus
Q is positive definite and M is a symmetric space. which gives a contradiction. Therefore
the isotropy group cannot be trivial.
Let us now consider case (2) of Remark 5.5, where m ≃ (so(3), 0) ⊂ so(3) ⊕ so(3)
(the other case m ≃ (0, so(3)) is analogous). In this case, the distribution perpendicular
to s is integrable with maximal integral manifolds H · q, where H is the first factor of
Spin(4). Since the projection of M onto the quotient of M by the leaves of symmetry
is a Riemannian submersion, the orbit H · q is a totally geodesic submanifold of M for
every q ∈ M . Thus (s)⊥ and s are autoparallel distributions and hence both parallel
distributions. This implies that M is a Riemannian product, which is a contradiction.
Altogether we conclude now that the isotropy group of Spin(4) is not trivial.
Remark 5.5. The second and third author observed in Remark 2.1 of [7] that there is only
one naturally reductive decomposition on the homogeneous space SO(n + 1)/ SO(n) if
n 6= 3. The assumption that the reductive decomposition is naturally reductive is not nec-
essary. In fact, let∇ be the Levi-Civita connection on Sn = SO(n+1)/ SO(n) and∇c be
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the canonical connection associated with a reductive decomposition on the homogeneous
space SO(n + 1)/ SO(n), and define D = ∇−∇c. We will show that D is totally skew.
Since ∇c is a metric connection, we have 〈DXY, Y 〉 = 0 for all vector fields X, Y on Sn.
So we only need to show that 〈DXX,Z〉 = 0 for perpendicular vector fields X,Z on Sn.
Since for n = 1 there is no isotropy group, we have D = 0. If n = 2 then there is only
one reductive decomposition so(3) = so(2) + V, where V is the orthogonal complement
to so(2) with respect to the Killing form of so(3). This is because of the fact that V is the
only irreducible SO(2) invariant subspace.
Thus we may assume that n ≥ 3. Let h ∈ SO(n+1)q ≃ SO(n) be such that h(q) = q,
dh(x) = x and dh(z) = −z. Then, since D is SO(n + 1) invariant 〈Dxx, z〉 = 0.
Then D is totally skew and ∇c is associated with a naturally reductive decomposition.
Moreover,D is parallel (since it is invariant under the transvections of Sn). Hence 〈D.., .〉
is a harmonic 3-form which represent a 3-cohomology class on Sn. ThenD = 0, if n 6= 3.
Observe that for n = 3 the above argument implies that D is also totally skew. So a
reductive decomposition on SO(4)/ SO(3) must be naturally reductive. It is well-known
that there is a one parameter family on naturally reductive decompositions on the Lie
group S3 ≃ Spin(3).
The only reductive decomposition on the space SO(n + 1)/ SO(n) is the orthogonal
complement to so(n) in so(n + 1), with respect to minus the Killing form of so(n + 1).
The reductive decompositions on SO(4)/ SO(3) ≃ Spin(3)× Spin(3)/diag(Spin(3)) are
of one two types (cf. [8], Section 5):
(1) The orthogonal complement to diag(so(3)) with respect to a bi-invariant pseudo-
Riemannian (non-degenerate) scalar product on so(4) = so(3)⊕so(3). Such an inner
product has to be a multiple of minus the Killing form on each factor of so(4). These
multiples, up to rescaling, are λ1 = 1, λ2 ∈ R, 0 6= λ2 6= −1. In this case the
transvection group associated with the canonical connection is Spin(4).
(2) The reductive complement of diag(so(3)) is either (so(3), 0) or (0, so(3)). The trans-
vection group is either Spin(3), regarded as the left factor of Spin(4) or Spin(3),
regarded as the right factor of Spin(4). In both cases the canonical connection is flat.
Remark 5.6. Let H be a connected Lie subgroup of Spin(k + 1) of codimension k ≥ 2.
(i) If k 6= 3, then Spin(k + 1)/H is equivariantly isomorphic to the sphere Sk =
SO(k + 1)/ SO(k).
(ii) If k = 3, then H is either one factor of Spin(4) = Spin(3)× Spin(3) or Spin(4)/H
is equivariantly isomorphic to the sphere S3 = SO(4)/SO(3).
In fact, assume that no normal subgroup of Spin(k + 1) with positive dimension is con-
tained in the closure H¯ of H . This is always the case if k 6= 3, since Spin(k + 1) is a
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simple Lie group for k 6= 3. Note that H¯ 6= Spin(k + 1), because otherwise the Lie alge-
bra of Spin(k+1) would have a flat factor. Then Spin(k+1) acts almost effectively on the
k′-dimensional compact quotient M = Spin(k + 1)/H¯, where 0 ≤ k′ ≤ k. The manifold
M is simply connected since Spin(k + 1) is simply connected and H¯ is connected. Since
the dimension of the isometry group of M is at least k(k + 1)/2, then M is isometric
to a sphere, k′ = k and H¯ = H . Moreover, the effectivized action of Spin(k + 1) gives
the identity component of the full isometry group of the sphere, which is isomorphic to
SO(k + 1).
6 Classification for co-index of symmetry equal to 3
Let M = G/H be an (r + 3)-dimensional (r ≥ 1) compact simply connected homo-
geneous Riemannian manifold with coindex of symmetry k = 3. By Theorem 3.7 there
exists a compact semisimple normal subgroup G′ of G with dim(G′) ≤ 6 which acts
transitively on M . We may assume that G′ is simply connected and that the action of G′
on M is almost effective. The only possibilities for such a group are G′ = Spin(4) =
Spin(3)× Spin(3) and G′ = Spin(3). However, since M has a positive index of symme-
try, we cannot have G′ = Spin(3). Therefore G′ = Spin(4), which has dimension 6, and
so the dimension d of the isotropy group must satisfy d ∈ {0, 1, 2}. The case d = 0 can be
excluded from the last statement of Theorem 5.3. If d = 2, then the isotropy group is, up
to conjugation, the standard torus S1 × S1 ⊂ Spin(3)× Spin(3). Such a quotient space,
with any G′-invariant Riemannian metric, is the Riemannian product of two 2-spheres.
This implies that M is symmetric and so this case can also be disregarded.
We can therefore assume that the dimension d of the isotropy group T is 1. Thus M
is 5-dimensional and its index of symmetry is 2. For such a subgroup there are infinitely
many possibilities, depending on the different velocities of the projections of this sub-
group to the two factors. However, this is never the case when the index of symmetry is 2
in which case we have the following lemma which uses the results of the general theory
we developed in Section 5.
Lemma 6.1. Let M = Spin(4)/T be a 5-dimensional compact simply connected homo-
geneous Riemannian manifold with coindex of symmetry k = 3. Then, up to conjugation,
T = diag(S1) = {(u, u) ∈ Spin(3) × Spin(3) : u ∈ S1}. Moreover, after making the
action effective, M = SO(4)/ SO(2), which is isometric to the unit tangent bundle of the
3-sphere with an SO(4)-invariant Riemannian metric.
Proof. We choose p ∈ M such that T is the isotropy group of Spin(4) at p. Note that T
is connected since M is simply connected. We consider T as a subgroup of SO(TpM) via
the isotropy representation of M = Spin(4)/T at p. Since the distribution of symmetry
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s is invariant under the action of Spin(4) we see that sp is a T -invariant 2-dimensional
subspace of TpM . We decompose TpM orthogonally into T -invariant subspaces,
TpM = sp ⊕ V⊕ L,
where dim(V) = 2 and dim(L) = 1. Note that the action of T on sp or on V may be
trivial. Let ρ1 : T → so(sp), ρ1(h) = h|sp and let ρ2 : T → so(V), ρ2(h) = h|V. It is
not hard to see the following: if ρ1 and ρ2 are both (Lie group) isomorphisms, then T is
standard. Namely, T is conjugated to diag(S1) = {(h, h) ∈ Spin(3)×Spin(3) : h ∈ S1},
where S1 is any 1-dimensional Lie subgroup of Spin(3).
Let us show that both ρ1 and ρ2 are isomorphisms. Let Φi be the kernel of ρi, i = 1, 2.
Since T is abelian, then Φ1 and Φ2 are normal subgroups of the isotropy group T at p.
We first assume that Φ1 is not trivial. Then, in the notation of Proposition 3.10, DΦ1
is the (unique) Spin(4)-invariant autoparallel distribution with DΦ1p = sp ⊕ L. Due to
Lemma 3.11 this distribution is strongly symmetric with respect to Spin(4). Moreover,
s restricted to any integral manifold FΦ1(q) is a parallel distribution. Observe that the
corank of DΦ1 is 2. Then, by Theorem 3.7, if M does not split off a symmetric de Rham
factor, dim(M) ≤ 3 (since there is 3-dimensional group which is transitive on M). This
is a contradiction and hence Φ1 is trivial.
We next assume that Φ2 is not trivial. Then, in the notation of Proposition 3.10, DΦ2 is
the (unique) Spin(4)-invariant autoparallel distribution with DΦ2p = V ⊕ L. Observe that
DΦ2 = s⊥. Since s is also autoparallel, both distributions must be parallel and so M splits
off a symmetric space. This is a contradiction and hence Φ2 is trivial.
It now follows that T is standard and soM = Spin(3)×Spin(3)/ diag(S1). After mak-
ing the action effective, this homogeneous space becomes SO(4)/ SO(2), where SO(2)
is naturally included in SO(4). So M = SO(4)/ SO(2), which is isometric to the unit
tangent bundle of the 3-sphere with a suitable SO(4)-invariant Riemannian metric.
We have proved that M = SO(4)/ SO(2). Let us determine the leaf of symmetry at
p = [e]. The subspace of vectors of TpM which are fixed by the isotropy group SO(2)
has dimension 1. So the 2-dimensional leaf of symmetry L(p) has non-trivial isotropy
group. Thus L(p) is covered by a 2-dimensional sphere and so the transvection group
Gp is 3-dimensional (with Lie algebra isomorphic to so(3) and Kp = SO(2)). Since
SO(2) ⊂ Gp, Gp cannot be contained in a local factor of SO(4) (i.e., a factor correspond-
ing to the decomposition of Spin(4) = Spin(3)× Spin(3)). Then, by (ii) of Remark 5.6,
SO(4)/Gp is equivariantly isomorphic to SO(4)/ SO(3). This isomorphism maps SO(2)
into a 1-dimensional subgroup of SO(3). Such a group is conjugate in SO(3) to the stan-
dard SO(2). Thus we may assume that M = SO(4)/ SO(2) and that the leaf of symmetry
at p is given by
L(p) = SO(3)/ SO(2) ⊂ SO(4)/ SO(2) =M.
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We have to determine the SO(4)-invariant metrics on M = SO(4)/ SO(2) for which
the index of symmetry is 2. As we observed above, the isotropy group SO(2) coincides
with the isotropy group Kp of the transvection groupGp = SO(3). In particular, sinceKp
acts almost effectively on L(p) = SO(3) · p (see Facts 4.1), we obtain that
Hp := {g ∈ G : g|L(p) = Id|L(p)}o
is trivial.
As we have noted before, if ξ ∈ so(4), regarded as a Killing field of M , then there
is Z ∈ gq such that ξ − Z, restricted to L(p), is always perpendicular to L(p) (since
the projection of ξ|L(p) to L(p) is an intrinsic transvection of L(p)). Then, since M is
homogeneous, for any u ∈ (TpL(p))⊥ there exists ξ ∈ so(4) such that ξ.p = u and ξ,
restricted to L(p), is always perpendicular to L(p). Moreover, such a ξ is unique. In fact,
assume that η ∈ so(4) is always perpendicular to L(p) and η.p = 0. Then η belongs to the
isotropy algebra which coincides, as previously observed, with kp. Therefore η is always
tangent to L(p). It follows that η|L(p) = 0 and so it belongs to the Lie algebra hp of Hp.
This Lie algebra is trivial and thus we have η = 0.
Let
m = {ξ ∈ so(4) : ξ|L(e) is always perpendicular to L(p)}.
Then, since L(p) is invariant under the action of SO(3), m is an Ad(SO(3))-invariant
subspace of so(4). Since the evaluation at p, from m into (Tp(L(p)))⊥, is an isomorphism,
we obtain that
so(4) = so(3)⊕m
is a reductive decomposition of SO(4)/ SO(3) (the quotient space of M by the leaves of
symmetry) and that
m.p = (Tp(L(p)))
⊥ = (so(3).p)⊥.
From Remark 5.5 we see that the above reductive decomposition is naturally reductive
(i.e., the canonical geodesics in S3 = SO(4)/ SO(3), associated to m, coincide with the
geodesics of the round sphere S3) and of one of the following forms:
(i) m = mλ, where mλ is the orthogonal complement of so(3) with respect to the
(pseudo-Riemannian) inner product ( , )λ = (B, λB) of so(4) = so(3) ⊕ so(3),
−B is the Killing form of so(3) and 0 6= λ ∈ R.
(ii) m = m0, where m0 ≃ so(3) is the Lie algebra of one of the factors of Spin(4) (and
so m0 is a Lie algebra).
We will now show that case (ii) cannot occur. Recall that, for arbitrary Killing fields
ξ, η,X , the Levi-Civita connection is given by
2〈∇ξX, η〉 = 〈[ξ,X ], η〉+ 〈[ξ, η], X〉+ 〈[X, η], ξ〉 (6.1)
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(see equation (3.4) of [8]). If X ∈ pp is a transvection at p = [e] and ξ, η ∈ m0, then
0 = 〈[ξ,X ], η〉p + 〈[X, η], ξ〉p, or equivalently,
〈[X, ξ], η〉p = 〈[X, η], ξ〉p. (6.2)
There exists X ∈ pp such that [X,m0] 6= {0}. Otherwise, [pp,m0] = {0} and so
[[pp, pp],m0] = {0} and hence [gp,m0] = {0}, which is a contradiction (recall that
gp = so(3), the Lie algebra of the standard SO(3) ⊂ SO(4), which is not an ideal of
so(4)). If we equip so(4) with a bi-invariant (positive definite) metric, then [X, · ] : m0 →
m0 is skew-symmetric. Then there exist linearly independent vectors ξ, η ∈ m0 such
that [X, ξ] = η and [X, η] = −ξ. Inserting this into equation (6.2) leads to ‖η(p)‖2 =
−‖ξ(p)‖2, which implies ξ = 0 = η because, as previously observed, the evaluation at
p is an isomorphism from m0 onto (Tp(L(p))p. This is a contradiction and therefore case
(ii) cannot occur.
We will now deal with case (i). For this we will use the construction given in [8,
Section 6].
Case (a): λ > 0, that is, the bi-invariant metric (·, ·)λ = (B, λB) of so(4) is Rie-
mannian. In the notation of [8], G = SO(4), G′ = SO(3) and K ′ = SO(2) (and
so G ⊃ G′ ⊃ K ′). Moreover, the general assumptions in this reference are satisfied,
i.e., (SO(4), SO(3)) and (SO(3), SO(2)) are irreducible symmetric pairs and SO(3) is
a simple (compact) Lie group. Let so(3) = so(2) + p′ be the Cartan decomposition of
S2 = SO(3)/ SO(2). Since so(3) is simple, the restriction of (·, ·)λ to so(3) is a multiple
of the Killing form of so(3). So p′ ⊂ so(2)⊥ (the orthogonal complement in so(4) with
respect to (·, ·)λ), and thus
so(2)⊥ = mλ ⊕ p′.
We will first define a Riemannian metric on M = SO(4)/ SO(2) such that the canon-
ical projection to the sphere SO(4)/ SO(3) is a Riemannian submersion, with index of
symmetry 2 (and such that the orthogonal complement to the subspace of symmetry is
given by mλ · p). Then we will deform this metric to obtain all the invariant metrics with
index of symmetry 2 and such that the subspace which is orthogonal to the subspace of
symmetry at p = [e] is given by mλ.p.
Following [8], we equip Tp(SO(4)/ SO(2)) ≃ so(2)⊥ = mλ ⊕ p′ with the positive
definite inner product 〈·, ·〉λ which is defined by the following three properties:
(i) 〈mλ, p′〉λ = 0;
(ii) the restrictions of both (·, ·)λ and 〈·, ·〉λ to mλ coincide;
(iii) 〈·, ·〉λ = 2(·, ·)λ on p′ × p′.
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We then equip M = SO(4)/ SO(2) with the SO(4)-invariant metric, also denoted by
〈·, ·〉λ, which coincides at p with the above defined inner product. Then, by Lemma 6.2 in
[8], the subspace of symmetry at p is p′.p, unless (M, 〈·, ·〉λ) is symmetric (observe that
M is simply connected).
Since the fixed set of the isotropy representation of SO(2) on TpM has dimension 1, it
follows that the action of SO(2) on mλ is non-trivial. Let e1, e2, e3 be an orthonormal basis
of mλ ≃ mλ.p with respect to 〈·, ·〉λ. We may assume, if RX0 = so(2), that [X0, e1] = 0,
[X0, e2] = e3 and [X0, e3] = −e2. Observe that the isotropy group SO(2) acts trivially on
Re1 and irreducibly on the linear span V of e2 and e3. Let 〈·, ·〉 be an SO(4)-invariant met-
ric on M = SO(4)/ SO(2) such that mλ.p is perpendicular to the subspace of symmetry
p′.p = so(3).p. Then, up to rescaling, 〈·, ·〉 has the following four properties:
(i) 〈·, ·〉 coincides with 〈·, ·〉λ on p′.p;
(ii) 〈e1,V〉 = 0;
(iii) 〈e1, e1〉 = s for some s > 0;
(iv) 〈·, ·〉 = t〈·, ·〉λ on V for some t > 0.
We will now prove that s + t = 2. Let X ∈ p′. Then SO(3) · p is a totally geodesic
submanifold of (M, 〈·, ·〉) and X| SO(3)·p is an intrinsic transvection of SO(3) ·p at p. From
equation (6.1) we know that X is a transvection at p if and only if
〈[ξ,X ], η〉p + 〈[ξ, η], X〉p + 〈[X, η], ξ〉p = 0 (6.3)
holds for all ξ, η ∈ mλ. First of all, note that the orthogonal projection of [e2, e3] onto
so(3) is a multiple of X0. In fact, [X0, [e2, e3]] = [[X0, e2], e3] + [e2, [X0, e3]] = 0. Now
decompose [e2, e3] = Z + ψ with Z ∈ so(3) and ψ ∈ mλ. Then [X0, Z] = 0 and hence
Z = aX0, since so(3) has rank one (and so Z.p = 0). Next, we have
2〈∇e1X, e2〉 = 〈[e1, X ], e2〉p + 〈[e1, e2], X〉p + 〈[X, e2], e1〉p
= t〈[e1, X ], e2〉λ|p + 〈[e1, e2], X〉λ|p + s〈[X, e2], e1〉λ|p.
(6.4)
The projection pi : (M, 〈·, ·〉λ) → SO(4)/ SO(3) = S3 is a Riemannian submersion,
up to a rescaling of the metric. We denote by ∇λ the Levi Civita connection of M with
respect to 〈·, ·〉λ. Since e1 and e2 are projectable vector fields, which are horizontal along
SO(3) · p, we obtain
0 = (X〈e1, e2〉λ)p = 〈∇λXe1, e2〉λ|p + 〈e1,∇λXe2〉λ|p = 〈[X, e1], e2〉λ|p + 〈e1, [X, e2]〉λ|p,
because of [X, ei]p = (∇λXei)p and since (∇λeiX)p = 0. Inserting this into equation (6.4)
yields
2〈∇e1X, e2〉 = (t+ s)〈[e1, X ], e2〉λ|p + 〈[e1, e2], X〉λ|p. (6.5)
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If s = t = 1 we have 〈∇e1X, e2〉 = 0 since X is parallel at p because of 〈·, ·〉 = 〈·, ·〉λ
in this case. From equation (6.5) we then get 2〈[e1, X ], e2〉λ|p = −〈[e1, e2], X〉λ|p in
this case. We have that [mλ,mλ]so(3) = so(3), where ( )so(3) denotes the projection onto
so(3). In fact, this projection is not trivial, since mλ is not a Lie algebra and Ad(SO(3))-
invariant. Recall, as we have shown, that [e2, e3]so(3) ⊂ so(2). Then [e1, e2] projects
non-trivially into p′. If X would be parallel at p, for any X in p′, then we would also
have that (s + t)〈[e1, X ], e2〉λ|p = −〈[e1, e2], X〉λ|p for any X ∈ p′, which implies that
−〈[e1, e2], X〉λ|p = 0. In particular, for X equal to the projection to p′ of [e1, e2], this
gives a contradiction. This implies that X is a transvection of (M, 〈·, ·〉) at p if and only
if t = 2− s, 0 < s < 2.
We denote this metric by 〈·, ·〉(λ,s) with 0 < λ and 0 < s < 2. If we replace λ by 1/λ
the metrics are homothetical, so we may assume that 0 < λ ≤ 1 (see Remark 6.2).
Case (b): λ < 0, that is, (·, ·)λ = (B, λB) is a pseudo-Riemannian bi-invariant metric
on so(4). By making the same construction as in Case (a), eventually by changing the sign
of the metric, we obtain a pseudo-Riemannian metric 〈·, ·〉λ on M such that it is positive
definite on so(3).p and negative definite on its orthogonal complement mλ.p. Moreover,
if X ∈ p′.p, then (∇λX)p = 0. As in Case (a), such a metric can only be deformed when
rescaling by s on Re1 and by 2− s on V (in order that X is a transvection at p). But s and
2 − s cannot be both negative in order for the metric 〈·, ·〉(λ,s) to be Riemannian. So this
case can be excluded.
We conclude that, if the index of symmetry of SO(4)/ SO(2) is 2, then the Riemannian
metric has to be of the form 〈·, ·〉(λ,s) with 0 < λ , 0 < s < 2.
Conversely, such metrics have index of symmetry 2, unless the space is globally sym-
metric. In fact, the distribution of symmetry on SO(4)/ SO(2) descends to a SO(4)-
invariant (and therefore parallel) distribution on the irreducible symmetric space S3 =
SO(4)/ SO(3). Such a distribution must be trivial, and if the rank is zero the index of
symmetry of SO(4)/ SO(2) is 2, and if the rank is maximal then SO(4)/ SO(2) has index
of symmetry 5 and so it is a symmetric space.
Remark 6.2. Let us consider the bi-invariant inner product (B, λB), λ > 0 on so(4) =
so(3) ⊕ so(3), where −B is the Killing form of so(3). The involution τ of Spin(4) =
Spin(3) × Spin(3), that permutes the factors, maps both diag(SO(3)) and diag(SO(2))
into itself. So τ induces an isomorphism τ¯ of M = Spin(4)/ diag(Spin(2)) into itself.
The map τ¯ is an isometry from (M, 〈 , 〉) into (M, 〈 , 〉′), where 〈 , 〉 is the normal ho-
mogeneous metric with respect to (B, λB) and 〈 , 〉′ is the normal homogeneous metric
with respect to (λB,B). The same is true if we rescale the metrics by a factor 2, as in our
construction, on the tangent space of diag(Spin(3))/ diag(Spin(2)) at [e]. Now observe
that the normal homogeneous metric on M with respect to (λB,B), or that modified as
before, is homothetical to the normal homogeneous metric induced by (B, 1
λ
B).
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Remark 6.3. A compact, simply connected, Riemannian symmetric space of dimension
5 is isometric to one of the following spaces: S2×S3, S5 or SU(3)/ SO(3). The last space
is irreducible and of rank 2.
The homogeneous space SO(4)/ SO(2) is not homeomorphic to S5. In fact, from the
long exact homotopy sequence of the fibration SO(2) → SO(4) → SO(4)/ SO(2) it
follows that pi3(SO(4)/ SO(2)) = Z⊕ Z 6= pi3(S3).
The space M5 = SO(4)/ SO(2), with any SO(4)-invariant metric, can never be iso-
metric to an irreducible symmetric space of higher rank. In fact, if p = [e], the isotropy
representation of SO(2) on TpM is the direct sum of two copies of the standard repre-
sentation of SO(2) on R2, plus a trivial one-dimensional representation. If φ ∈ SO(2) is
the rotation of angle pi (with the standard representation), then φ represents an element of
the isotropy group of M which has the eigenvalue −1 with multiplicity 4 and the eigen-
value 1 with multiplicity 1. If M is a symmetric space, then the decomposition of φ with
respect to the symmetry σ at p, via the isotropy representation, has the eigenvalue 1 with
multiplicity 4 and the eigenvalue −1 with multiplicity 1. Then the connected component
containing p of the fixed set of σ ◦ φ would be a totally geodesic hypersurface N of M .
Let K ′ be the full connected isotropy group of N at p. We may regard K ′ ⊂ K, where K
is the full connected isotropy group of the symmetric space M . Observe that K ′, via the
isotropy representation, acts trivially on the one-dimensional normal space νp(N) ≃ R of
N at p. Let R¯ be the direct product of R′ and the zero tensor on νp(N), where R′ is the
curvature tensor of N at p. Then R¯x,y ∈ k and so, by Simons’ Theorem [5, 9], if M is of
rank at least 2, R¯ must be a scalar multiple of R, the curvature tensor of M at p. This is a
contradiction if M is an irreducible symmetric space. Thus M cannot be isometric to the
irreducible rank 2 symmetric space SU(3)/ SO(3).
Note that SO(4)/ SO(2) is diffeomorphic to S2 × S3, since the first space is diffeor-
morphic to the unit tangent bundle of the (parallelizable) sphere S3.
Example 6.4. (Product of spheres) We denote by S2 the sphere of dimension 2 and
radius ρ and by S3 the sphere of dimension 3 and radius 1, and put M = S2 × S3.
Observe that any product of a round 2-sphere and a round 3-sphere is homothetic to M
with a suitable ρ.
The group Spin(4) = Spin(3) × Spin(3) acts transitively by isometries on M =
S2 × S3 ≃ S2 × Spin(3) in the following way:
(g, h)((q, k)) = (pi(g)(q), gkh−1),
where (g, h) ∈ Spin(3) × Spin(3), q ∈ S2, k ∈ Spin(3) ≃ S3, and pi is the canonical
projection from Spin(3) onto SO(3). The isotropy group at p = (ρe1, e) ∈ S2 × Spin(3)
is diag(SO(2)) ⊂ Spin(3) × Spin(3). After making this action effective, one obtains
that SO(4) acts transitively on M and the isotropy group is conjugate to SO(2), where
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SO(2) ⊂ SO(4) is the standard inclusion. Recall that for so(n) the Killing form −B is
given by
B(X, Y ) = −(n− 2) trace(X ◦ Y ).
For n = 3 the Killing form coincides with the negative of the usual inner product of
matrices.
Let p = (ρe1, e) ∈ M = S2 × Spin(3), where e1 = (1, 0, 0). The parallel Killing
fields at the identity e of Spin(3) = S3 are the elements of so(3) × so(3) of the form
Z = (X,−X) (regarded as a Killing field on Spin(3)). The parallel Killing fields on S2
at ρe1 are elements in the Cartan subspace
p =
{(
0 a b
−a 0 0
−b 0 0
)
: a, b ∈ R
}
associated with the symmetric pair (SO(3), SO(2)). Therefore an element Z ∈ so(3) ×
so(3) is parallel at (ρe1, e) if and only if Z = (Y,−Y ) with Y ∈ p. Observe that the
subspace p(ρe1,e) = {(Y,−Y ) : Y ∈ p} of parallel Killing fields at (ρe1, e) ∈ S2×Spin(3)
belonging to so(4) = so(3) ⊕ so(3) has dimension 2. We use here the general notation
of the paper, but take into account that the Cartan subspace is relative to the presentation
group (i.e., the parallel Killings field at a given point that lie in the Lie algebra so(3) ×
so(3)). The (relative) Cartan subspace is given by p(ρe1,e), which spans the involutive Lie
algebra
g(ρe1,e) = diag(so(2))⊕ p(ρe1,e),
where so(2) = {u ∈ so(3) : u · e1 = 0}.
Up to homothety, S2× S3 must carry a metric 〈·, ·〉(λ,s) as described above (recall that
ρ is the radius of S2 and 1 is the radius of S3). We will now determine λ. Observe that
G(ρe1,e), the group which is generated by the transvections at (ρe1, e), is not the canonical
diag(Spin(3)) ⊂ Spin(3) × Spin(3) (but it must be conjugate to it). So the reductive
complement, associated to the Killing fields in so(3)×so(3) that are always perpendicular
to L((ρe1, e)) = G(ρe1,e) · (ρe1, e), is conjugate to mλ = {(Z,− 1λZ) : Z ∈ so(3)}.
We will find h ∈ Spin(3) such that G(ρe1,h) = diag(Spin(3)). In order to simplify
the calculations, we will use the quaternions. Identify Spin(3) with the unit sphere of the
quaternionic space H = {a + ib + cj + dk : a, b, c, d ∈ R}, i2 = j2 = k2 = −1,
ij = −ji = k, jk = −kj = i, ki = −ik = j. Let pi : Spin(3)→ SO(3) be the canonical
projection. By identifying R3 with the purely imaginary quaternions ℑ(H) = {q ∈ H :
q¯ = −q} we obtain
pi(g)(x) = gxg−1 = gxg¯.
The Lie algebra so(3) of Spin(3) is identified withℑ(H) with the bracket [x, y] = xy−yx.
Observe that, with these identifications, i = e1, 1 = e. The exponential map is given by
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Exp(x) = cos(‖x‖) + sin(‖x‖) 1‖x‖x. If x ∈ ℑ(H), then ddt |t=0pi(Exp(tx)(z) = xz − zx.
So x defines the Killing field of ℑ(H) given by z 7→ x.z = xz − zx. Observe that
so(2) = {U ∈ so(3) : U.e1 = 0} = {w ∈ ℑ(H) : wi− iw = 0} = Ri.
With these identifications the (relative) Cartan subspace p is given by the linear span of j
and k. It is not hard to see that (1,−i)G(ρi,1)(1,−i)−1 = diag(Spin(3)) and thus
G(ρi,i) = G(1,−i)·(ρi,1) = (1,−i)G(ρi,1)(1,−i)−1 = diag(Spin(3)).
Moreover, k(ρi,i) = Ri and
p(ρe1,i) = diag(p) = {(Y, Y ) : Y ∈ p} = {(v, v) : v ∈ linear span of {j, k}}.
If v ∈ p, then
(v, v).(ρi, i) = (v.ρi, v.i) = (ρ(vi− iv), vi− vi) = (2ρvi, 2vi).
Observe that vi ∈ p and therefore
s(ρi,i) = p(ρi,i).(ρi, i) = {(ρv, v) : v ∈ p}.
This subspace must be perpendicular to mλ.(ρi, i), where
mλ = {(Z,− 1
λ
Z) : Z ∈ so(3) = ℑ(H)}.
Take Z = k, Y = j ∈ p. Then (k,− 1
λ
k).(ρi, i) = (2ρj, (1 − 1
λ
)j). This must be perpen-
dicular to (ρj, j). Then 2ρ2 = 1
λ
− 1 and therefore
λ =
1
1 + 2ρ2
.
The fixed vectors in m
1
1+2ρ2 are R(i,−(1 + 2ρ2)i) ∈ so(3) ⊕ so(3). Let us compare
the metric on the product of spheres with the one given by the bi-invariant inner product
(B, 1
1+2ρ2
B). The norm of (i,−(1 + 2ρ2)i) with the given metric is
‖(i,−(1 + 2ρ2)i).(ρi, i)‖2 = ‖([i, ρi], ii+ i(1 + 2ρ2)i)‖2
= ‖(0,−2(1 + ρ2)‖2 = 4(1 + ρ2)2,
and the norm, using (B, 1
1+2ρ2
B), is
‖(i,−(1 + 2ρ2)i)‖2 = B(i, i) + 1
(1 + 2ρ2)
B(−(1 + 2ρ2)i,−(1 + 2ρ2)i)
= (8 + 8(1 + 2ρ2)) = 16(1 + ρ2),
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since B(i, i) = 8. So the quotient is s′ = 1
4
(1 + ρ2).
Let us choose the element (j,−(1+2ρ2)j) ∈ m 1(1+2ρ2) that is perpendicular to the fixed
vectors R(i,−(1 + 2ρ2)i) of the isotropy group. The norm with the given metric is
‖(j,−(1 + 2ρ2)j).(ρi, i)‖2 = ‖([j, ρi], ji+ i(1 + 2ρ2)j)‖2
= ‖ − 2ρk, 2ρ2k)‖2
= 4ρ2 + 4ρ4 = 4ρ2(1 + ρ2),
and the norm using (B, 1
(1+2ρ2)
B) gives, as before,
‖(j,−(1 + 2ρ2)j)‖2 = 16(1 + ρ2).
The quotient is t′ = 1
4
ρ2.
We have s′+t′ 6= 2 because we need to rescale the metric in line with our classification.
So, define s = 2s′
s′+t′
, and the metric 〈·, ·〉( 1
1+2ρ2
,s) is the metric in the family. An explicit
calculation gives
s = 2
1 + ρ2
1 + 2ρ2
and t = 2
ρ2
1 + 2ρ2
.
For instance, if ρ = 1, then λ = 1
3
, s = 4
3
and t = 2
3
.
Remark 6.5. Recall that, in the above examples of products of spheres, λ = 1
1+2ρ2
and
s = 2 1+ρ
2
1+2ρ2
. Then s = λ + 1. Therefore the family of examples of products of spheres as
previously discussed corresponds to the family of metrics 〈·, ·〉(λ,λ+1), where 0 < λ < 1
(and the quotient of the radius of the 2-sphere by the radius of the 3-sphere is given by
ρ =
√
1−λ
2λ
). In particular, the reductive complement is never the standard one, i.e., λ 6= 1.
Observe also that 0 < t < s < 2 (recall that s+ t = 2). Then the metric does not project
down, as a Riemannian submersion, to the quotient SO(4)/ SO(3) of M by the leaves of
symmetry (relative to SO(4)).
Remark 6.6. Any transitive action of Spin(3)× Spin(3) on S2 × S3 ≃ S2 × Spin(3) is
equivalent to the previously described action or to the action given by
(g, h)((u, d)) = (pi(g)(u), h(d)).
However, the isotropy group of the latter action is SO(2)×{e} and fixes the 3-dimensional
space Td(Spin(3)). So this homogeneous space is not (equivariantly) isomorphic to the
canonical SO(4)/ SO(2).
We can now state the main result of this section.
Theorem 6.7. Let M be an n-dimensional, simply connected, compact, irreducible Rie-
mannian homogeneous manifold and n > 3. Then the co-index of symmetry of M is equal
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to 3 if and only if M is homothetic to M = SO(4)/ SO(2) with a metric of the family
〈·, ·〉(λ,s), where 0 < λ ≤ 1, 0 < s < 2 and s 6= λ + 1. (If s = λ + 1, then, up to
homothety, M is a product of spheres S2ρ × S3 with ρ =
√
1−λ
2λ
.)
Proof. It only remains to prove that different pairs (λ, s) correspond to non-homothetical
metrics. First of all, we note that SO(4) is the (connected) full isometry group of M =
Spin(4)/diag(SO(2)) = SO(4)/ SO(2) with any of the metrics of the family 〈·, ·〉(λ,s).
(Note that M is not symmetric.) Otherwise, by Remark 6.3, it would be a product of
spheres. But such a product of spheres corresponds to s = λ + 1 (see Remark 6.6).
So, by the paragraph before Remark 6.2, the index of symmetry of M is 2. So, in the
3-dimensional quotient N of M by the leaves of symmetry, the group SO(4) acts by
isometries (with the normal homogeneous metric). Then, up to a cover, N is a sphere and
hence SO(4) must be the full (connected) isometry group ofN . Therefore, if the isometry
group Io(M) of M is bigger than SO(4), then Io(M) has a proper (connected) normal
subgroupH acting trivially onN . If L([e]) = SO(3)/ SO(2) ≃ S2 is the leaf of symmetry
at [e], then H · L([e]) = L([e]) and H commutes with SO(3), which is a contradiction.
Hence we must have Io(M) = SO(4).
Let us assume that the pairs (λ, s) and (λ′, s′) correspond to homothetical metrics (and
the pairs do not correspond to the exceptions that are product of spheres). Assume that
λ 6= λ′, say λ < λ′. If h is the homothety between the metrics, then it induces a Lie algebra
isomorphism ρ = h∗ of so(4) (the Lie algebra of the full isometry groups) that maps
diag(so(3)) into itself (since it corresponds to the group of transvections at [e]) and ρmaps
diag(SO(2)) into itself (the Lie algebras of the isotropy at [e]). Moreover, ρ(mλ) = mλ′ .
In fact, these subspaces are given by the geometry as the Killing fields which are always
perpendicular to the leaves of symmetry SO(3)/ SO(2) = diag(SO(3))/diag(SO(2)),
with the respective metrics. Observe that ρmust preserve (B,B), where−B is the Killing
form of so(3). Let (u, 0) ∈ so(3)⊕ so(3) = so(4). Then
(u, 0) =
1
1 + λ
(u, u) +
λ
1 + λ
(u,−1
λ
u),
which gives the decomposition of (u, 0) in terms of the direct sum
so(3)⊕ so(3) = diag(so(3))⊕mλ.
Then the projection to diag(so(3)) is given by
piλ((u, 0)) =
1
1 + λ
(u, u).
We also have that
(0, v) =
λ
1 + λ
(v, v)− λ
1 + λ
(v,−1
λ
v)
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and so
piλ((0, v)) =
λ
1 + λ
(v, v).
Since ρ(diag(so(3))) = diag(so(3)) and ρ(mλ) = mλ′ , we obtain that
ρ ◦ piλ = piλ′.
Since ρ : so(3)⊕ so(3)→ so(3)⊕ so(3) is a Lie algebra isomorphism, ρ((u, 0)) is either
of the form (u′, 0) or (0, u′). Moreover, since ρ preserves the Killing form, B(u, u) =
B(u′, u′). Also ,
B(piλ
′
(ρ((u, 0))), piλ
′
(ρ((u, 0)))) = B(ρ(piλ((u, 0))), ρ(piλ((u, 0))))
= B(piλ((u, 0)), piλ((u, 0))).
Let us choose u 6= 0. If ρ((u, 0)) = (u′, 0) we have, from the above equality, that
1
1 + λ′
B(u′, u′) =
1
1 + λ
B(u, u),
and so 1 + λ′ = 1 + λ. This is a contradiction to λ 6= λ′. If ρ((u, 0)) = (0, u′), then the
previous equality implies λ′
1+λ′
= 1
1+λ
, which gives also a contradiction, since 0 < λ <
λ′ ≤ 1. It follows that λ = λ′.
Since the curvature of the leaf of symmetry SO(3)/ SO(2) of SO(4)/ SO(2) with re-
spect to the metric 〈·, ·〉(λ,t) depends only on λ (and B), and since the homothety h maps
leaves of symmetry onto leaves of symmetry, we see that the homothety must be an isom-
etry. We choose v in mλ of unit length and fixed by the isotropy group. Then the length
of the closed geodesic γv(t) determined by v is equal to as, where a is a constant. Since
h maps mλ onto mλ′ and fixed vectors of the isotropy group onto fixed vectors of the
isotropy group, h(γv(t)) = γv′(t), where dh(v) = v′. Since the second geodesic has
length as′, then s = s′.
7 Classification for co-index of symmetry equal to 2
The main result of this section is the following classification:
Theorem 7.1. Let M be an n-dimensional (n > 2), simply connected, compact, irre-
ducible Riemannian homogeneous manifold with co-index of symmetry k = 2. Then
M = Spin(3) with a left-invariant Riemannian metric that belongs to one of the two
families 〈·, ·〉s (0 < s < 1) and 〈·, ·〉t (0 < t 6= 2) which are described below. None
of these metrics are pairwise homothetic. The second family of metrics corresponds to
Berger sphere metrics.
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The rest of this section is devoted to the proof of Theorem 7.1. If M is a homogeneous
irreducible Riemannian manifold with co-index of symmetry k = 2, then M = Spin(3)
with a left-invariant Riemannian metric by Theorem 5.3.
Let us first describe the left-invariant Riemannian metrics on Spin(3) ≃ S3. As usual,
we will identify a left-invariant Riemannian metric on Spin(3) with a positive definite
inner product on Te(Spin(3)) ≃ so(3). Let B be the positive definite inner product on
so(3) given by B(X, Y ) = −trace(XY ) (so −B is the Killing form of so(3)). Any
positive definite inner product 〈·, ·〉 on so(3) is obtained by 〈X, Y 〉 = B(AX, Y ), where
A is a positive definite symmetric endomorphism, with respect to B, of so(3). Observe
that any positive definite inner product 〈X, Y 〉 = B(AX, Y ) is isometric to the inner
product
B(A(Ad(g)(X)),Ad(g)(Y )) = B((Ad(g))−1A(Ad(g))(X), Y ),
for any g ∈ Spin(3) (the isometry between the corresponding two left-invariant Rieman-
nian metrics is given by conjugation with g in Spin(3)). Note that Ad(Spin(3)) coincides
with the full special orthogonal group SO(so(3), B). Then, for prescribing an arbitrary
left-invariant Riemannian metric on Spin(3) (modulo isometries) one only needs to know
the eigenvalues of A.
We identify X ∈ so(3) with the Killing field q 7→ X.q = d
dt |t=0 Exp(tX)(q). The Lie
algebra structure on so(3) will be that of Killing fields. So the Lie bracket is given by
[X, Y ] = XY − Y X , which is minus the bracket of left-invariant vector fields, since a
Killing field may be regarded as a right-invariant vector field.
Let s be the 1-dimensional distribution of symmetry on Spin(3). Since s is a left-
invariant distribution, we may assume that s1 = Ri, where we are using, as before, the
quaternions. We identify Spin(3) with the unit sphere of H and so(3) with Im(H). With
this identification the bracket of q1, q2 ∈ Im(H) is given by q1q2 − q2q1, which coincides
with −[q1, q2], where [·, ·] is the bracket between Killing fields of (Spin(3)〈·, ·〉) (iden-
tifying q ∈ Im(H) with the Killing field x 7→ q.x). The Killing form −B is given by
B(q, q) = 8|q|2, q ∈ Im(H).
As for the case k = 3, we define
m = {q ∈ Im(H) : q is always perpendicular to L(1) = eti}.
Then m is an Ad(S1)-invariant subspace of Im(H) ≃ so(3), where S1 = {eti : t ∈ R}.
Then, by Remark 5.5 , m is unique and so it coincides with the linear span of {j, k}.
This implies that the vectors j = j.1 and k = k.1 of T1(Spin(3)) are perpendicular to
s1 = Ri. So 〈i, j〉 = 0 = 〈i, k〉. Then, if 〈q, q′〉 = B(Aq, q′), i is an eigenvector of A. By
conjugating Spin(3) with some eti, we may assume that j and k are also eigenvectors of
A. By rescaling the metric 〈·, ·〉 we may assume that Ai = 2i (in order to use a similar
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construction as for the case k = 3, where the normal homogeneous metric was at the first
step perturbed by a factor 2 on the distribution of symmetry). Let Aj = sj and Ak = tk.
We may assume that 0 < s ≤ t (eventually, by conjugating Spin(3) with i). We will now
consider i, j and k as Killing fields I : q 7→ i.q, J : q 7→ j.q and K : q 7→ k.q.
We first assume that Io(Spin(3), 〈·, ·〉) = Spin(3). In this case we have (∇I)1 = 0,
since there are no more Killing fields than those induced by so(3). Recall that for any
homogeneous Riemannian manifold, if X, Y, Z are Killing fields, then the Levi-Civita
connection is given by
2〈∇XY, Z〉 = 〈[X, Y ], Z〉+ 〈[X,Z], Y 〉+ 〈[Y, Z], X〉.
In fact, this equation comes from the well-known Koszul formula for the Levi-Civita
connection, by observing that the Lie derivative of the metric, along any Killing field is
zero. So we have
0 = 〈[J, I], K〉+ 〈[J,K], I〉+ 〈[I,K], J〉.
Since [J, I]1 = ij − ji = 2k, [J,K]1 = kj − jk = −2i and [I,K]1 = ki − ik = 2j,
we get 0 = 2tB(k, k) − 4B(i, i) + 2sB(j, j). Since B(i, i) = B(j, j) = B(k, k) 6= 0,
this implies s + t = 2. Conversely, if s + t = 2, we obtain by a direct calculation that
(∇I)1 = 0. We conclude that, 〈·, ·〉s, 0 < s ≤ 1, are the Spin(3)-invariant Riemannian
metrics on Spin(3) such that the Killing field I is parallel at 1. So the index of symmetry
is at least 1.
Remark 7.2. (i) The manifoldM = (Spin(3), 〈·, ·〉s) is not a product. Otherwise, it would
split off a line. Assume that 0 < s < 1. Then, if the index of symmetry is greater than 1,
by Theorem 5.3, M would be symmetric. A direct computation shows that (∇JJ)1 = 0.
So x 7→ ejx is a closed geodesic of M with period 2pi√s. This period is different from the
period 2pi
√
2 of the geodesic x 7→ eix (recall that 〈i, i〉 = 2 and that s < 1). Then M is
not symmetric. Otherwise it must be isometric to a sphere and hence all geodesics would
have the same length. So the index of symmetry of M is 1.
(ii) Let S2 = Spin(3)/S1 be the quotient of M = (Spin(3), 〈·, ·〉s) by the leaves of
symmetry, where S1 = {exi : x ∈ R}. It is not difficult to show that the projection
pi : (Spin(3), 〈 , 〉s) → S2 = Spin(3)/S1 is a Riemannian submersion (eventually after
rescaling the metric of S2) if and only if s = 1 (and so t = 1). Assume that the full
(connected) isometry group Io(M) of M with any left-invariant Riemannian metric with
k = 2 satisfies dim(Io(M)) > 3. The compact group Io(M) acts on the quotient space
S2 (since any isometry preserves the foliation of symmetry). Then, if S2 has the nor-
mal homogeneous metric, Io(M) acts by isometries and thus Io(M) must have a normal
subgroup of positive dimension which acts trivially on S2. If X 6= 0 belongs to the Lie
algebra of this normal subgroup, then X defines a Killing field on M which must be tan-
gent to the 1-dimensional distribution of symmetry s. This implies that for any two points
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p, q in a leaf of symmetry there exists h ∈ Io(M) with h(p) = q and such that h projects
trivially to the quotient S2. Then the projection pi : M → S2 must be a Riemannian sub-
mersion (for some Spin(3)-invariant metric on S2, which is unique up to scaling). This
implies s = t = 1.
Assume that Spin(3) together with a left-invariant Riemannian metric has index of
symmetry equal to 1. If there exists a point g ∈ Spin(3) such that Z ∈ so(3) is tangent
to the 1-dimensional leaf of symmetry L(g) of M at g, then it must always be tangent
to L(g) (since the distribution of symmetry is invariant under isometries). This implies
L(g) = Exp(tZ)(g) (t ∈ R), and so L(g) is closed (since all the 1-parameter subgroups
of Spin(3) are closed).
In order to describe all left-invariant Riemannian metrics on M = Spin(3) it only
remains to analyze the case where there is no parallel Killing field at 1 which belongs to
so(3). This implies that dim Io(M) = 4. In fact, observe that the dimension of the full
isotropy group has to be 1, 2 or 3. In the last case M must is a round sphere and hence
symmetric. The dimension of the isotropy group at p ∈ M cannot be 2 because it would,
via the isotropy representation, be an abelian 2-dimensional subgroup of SO(Tp(M)) ≃
SO(3). Thus the dimension of the full isotropy group must be 1.
In this case there exists a non-trivial ideal a of the Lie algebra g of G = Io(M). Such
an ideal must have dimension 1. In fact, this ideal must be complementary to so(3), which
must be also an ideal, since it has codimension 1 (and g admits a bi-invariant metric).
Moreover, since any X ∈ a projects trivially to the quotient of M over the leaves of
symmetry, X must always be tangent to s. Observe that X must be a left-invariant vector
field since X commutes with so(3). So, as previously observed, we may assume that
X = iˆ, the left-invariant vector field with initial condition i at 1 ∈ Spin(3) (i.e. Xg = gi).
Recall that a Killing field associated with an element in so(3) may be regarded as a right-
invariant vector field. In particular, I is a right-invariant vector field (Ig = ig). Then
the left-invariant Rimannian metric 〈·, ·〉 of M = Spin(3) is Ad(Exp(ti))-invariant. This
implies that i is an eigenvector of A at 1 and that the eigenvalues of A in the orthogonal
complement of i are equal, where 〈x, y〉 = B(Ax, y).
So the left-invariant Riemannian metric must be associated to a triple of numbers
(t, t, a) corresponding to the eigenvalues associated to the eigenvectors j, k and i, respec-
tively. By rescaling the metric we may assume that a = 2 (in order to be coherent with the
first family of metrics 〈·, ·〉s). Conversely, a metric described by such a triple (t, t, 2) has
a parallel Killing field at 1. In fact, consider the two Killing fields iˆ and I , which cannot
be proportional, because no vector field of Spin(3) can be both left- and right-invariant.
Since the integral curves of both Killing fields coincide at 1 and give a geodesic, we have
∇iˆi = 0 = ∇iIˆ . Then the skew-symmetric endomorphisms (∇iˆ)1 and (∇I)1 of T1M
must be proportional (since dim(M) = 3). Thus there is a linear combination αiˆ + βI
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which is parallel at 1 (and it is non-zero, since iˆ and I are not proportional). Observe that
when t = 1, I is parallel at 1 and so α = 0 (the associated metric is the same as 〈·, ·〉1,
previously described). If t 6= 2, then M cannot be symmetric, since the integral curves of
I and J , starting at 1, have different length. In the case that t = 2, then Spin(3) has the bi-
invariant Riemannian metric and so it is a symmetric space. We denote the left-invariant
Riemannian metrics associated to (t, t, 2) by 〈·, ·〉t, 0 < t 6= 2.
Remark 7.3. (i) Any homothety between two different metrics in the union of the families
〈·, ·〉s, 0 < s < 1, and 〈·, ·〉t, 0 < t 6= 2 must be an isometry, since the length of the
respective circles of symmetry are equal to 2pi
√
2.
(ii) No metric 〈·, ·〉s, 0 < s < 1, is isometric to a metric 〈·, ·〉t, 0 < t. In fact, the first
family of metrics never define a Riemannian submersion onto S2, the quotient of M by
the leaves of symmetry, whereas the second family always does.
(iii) Let Ms = (Spin(3), 〈·, ·〉s). Then, from Remark 7.2 (ii), Io(Ms) = Spin(3) (0 <
s < 1). Observe that s < 2 − s < 2 are the eigenvalues of the symmetric tensor As
that relates 〈·, ·〉s with 〈·, ·〉 = −B, where B is the Killing form of so(3). If h : Ms →
Ms′ is an isometry, then h induces a group isomorphism from Spin(3) = Io(Ms) onto
Spin(3) = Io(Ms′). This implies that the eigenvalues of As are the same as those of As′
and hence s = s′.
(iv) If t 6= t′, then 〈·, ·〉t is not isometric to 〈·, ·〉t′. In fact, t/2 is the radius of the
sphere, obtained as the quotient of M by the leaves of symmetry, such that the projection
is a Riemannian submersion.
The previous remark finishes the proof of Theorem 7.1.
8 Examples from fibre bundles over polars
In this section we review the construction of certain fibre bundles by Nagano and Tanaka
[4], and show how to get examples of compact simply connected Riemannian homoge-
neous manifolds with non-trivial index of symmetry.
Let M = G/K be an irreducible simply connected symmetric space of compact type
and choose o ∈ M such that K · o = o. Let B 6= {o} be a connected component of
the set of fixed points of σo, where σo is the geodesic symmetry of M at o. Note that B
is a totally geodesic submanifold, since it is a connected component of the fixed point
set of an isometry. There always exists such a totally geodesic submanifold B since the
midpoint of a closed geodesic through o is fixed by σo.
Let d be the distance between o and B and choose q ∈ B such that d is the distance
from o to q is equal to the distance from o to B. Let γ be a unit speed geodesic through
o and q such that γ(0) = o and γ(d) = q. Then γ is a closed geodesic of period 2d. In
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fact, q = γ(d) = σo(γ(d)) = γ(−d). It then follows from Remark 2.2 that γ is a closed
geodesic. This implies that o is fixed by σq, the symmetry at q. Also, the symmetries σo
and σq commute, since they both fix o and their differentials commute.
Since M is simply connected, the isotropy group K is connected. One can show that
B = K ·q. In particular, all the points in B are equidistant to o. In fact, dqσo is the identity
when restricted to TqB and minus the identity when restricted to (TqB)⊥. Moreover, this
holds at any point of B. So any g ∈ G which leaves B invariant commutes with σo.
Conversely, it is obvious that K maps fixed points of σo into fixed points of σo. We thus
have proved that the subgroup of G which leaves B invariant coincides with K.
Note that the involution σq leaves B invariant (since B is totally geodesic), and so it
maps K into K. Thus, (K,K+) is a symmetric pair, where K+ is the isotropy group of
K at q. Moreover, one has that K+ = K ∩K ′, where K ′ is the isotropy group of G at q.
Such a symmetric pair is not, in general, effective (as one can see from the tables in [4]).
The totally geodesic submanifoldB is called a polar ofM . The normal space to TqB at
q is a Lie triple system and hence induces, via the exponential map, a totally geodesic sub-
manifold of M which is called a meridian. This follows from the fact that expq((TqB)⊥)
coincides with the set of fixed points of σq ◦ σo (connected component through q). In fact,
if w ∈ (TqB)⊥ and β(t) is a geodesic with β ′(0) = w, then (σq ◦ σo)(β(t)) = β(t), since
dq(σq ◦ σo) is the identity when restricted to (TqB)⊥. This shows that expq((TqB)⊥) is
contained in the fixed point set of σq ◦ σo. The other inclusion holds since q is an isolated
fixed point of σq .
We construct now the so-called centrioles. Let p be the midpoint of the geodesic γ
joining o and q. In line with our notation above we have p = γ(d/2). The centriole
through p is the orbit K+ · p. Such an orbit is totally geodesic. In fact, the symmetry σp
interchanges o and q, and so K with K ′. So σp leaves K+ = K ∩K ′ invariant and, since
it fixes p, leaves the centriole K+ · p invariant. Then, σp leaves the second fundamental
form of K+ · p invariant, but on the other hand it reverses its sign. So the centriole K+ · p
must be totally geodesic. Moreover, it is contained in the meridian containing q, sinceK+
commutes with both σq and σo and σq ◦σo(p) = p. We have that (K+, K++), where K++
is the isotropy subgroup of K+ at p, is a symmetric pair (not effective, in general).
We now define S = K·p, which is a fibre bundle overB whose fibres are the centrioles.
In fact, since γ is minimizing in [0, d], γ is the unique (unit speed) geodesic from o to
p = γ(d/2). So, the isotropy Kp of K at p must fix γ, since it fixes o and p. Then
K · q = K · γ(d) = q and therefore Kp ⊂ K+, which implies Kp = K++. So, we get the
fiber bundle
K+/K++ → K/K++ → K/K+.
Moreover,K ·p turns out to be diffeomorphic, via the exponential map at o, to theR-space
K · v ⊂ ToM , where v = γ′(0) (or equivalently, K · p is diffeomorphic to an orbit of an
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s-representation).
The submanifold S = K · p has parallel Killing fields in any direction of the centriole
K+ · p. In fact, if p+ is the Cartan subspace, associated with (K+, K++), then p+ ⊂ p,
where p is the Cartan subspace associated to (G,K) (and elements of p+ are parallel at p
on M , and so on S with the induced metric). With the same arguments as in [8, Lemma
6.2], one can prove the following result:
Theorem 8.1. Let M = G/K be an irreducible simply connected Riemannian symmetric
space of compact type. Assume that the polar B = K/K+ is irreducible and that S =
K/K++, with the induced Riemannian metric, is not a symmetric space. Then the co-
index of symmetry of K/K++ is equal to the dimension of the polar B = K/K+ and
the leaves of symmetry coincide with the fibers of the fibration K+/K++ → K/K++ →
K/K+ (which are centrioles in M).
Proof. We have already proved that the centrioles are tangent to the distribution of sym-
metry s. Note that s projects down to a distribution s¯ on the symmetric spaceB = K/K+,
which must be K-invariant (since isometries preserve the distribution of symmetry). So,
since B is irreducible, we have s¯ = 0 or s¯ = TB. However, s¯ = TB implies s = TS,
which cannot happen since S is not a symmetric space by assumption. Thus we have
s¯ = 0, and therefore s coincides with the distribution given by the tangent spaces to the
centrioles.
Example 8.2. Consider the complex projective planeM = CP 2 = SU(3)/S(U(1)U(2))
= G/K. There is only one polar in this situation, namely
B = CP 1 = S(U(1)U(2))/S(U(1)U(1)U(1)) = K/K+ ∼= U(2)/U(1)U(1).
The orbit of K through the midpoint of a geodesic from o to a point in B is a dis-
tance sphere S3 = K/K++ ∼= U(2)/U(1) in CP 2 and the fibers of the projection
K/K++ → K/K+ are circles S1 = K+/K++ ∼= U(1)U(1)/U(1) ∼= U(1). These
circles are centrioles in CP 2. The induced metric from CP 2 on the distance sphere S3
gives a Berger sphere and its coindex of symmetry is equal to 2. Up to homothety, it
is one of the metrics 〈·, ·〉t in our classification for k = 2. By rescaling the metric
on CP 2 one obtains other metrics in this family. The remaining Berger sphere met-
rics can be obtained by considering distance spheres in the complex hyperbolic plane
CH2 = SU(1, 2)/S(U(1)U(2)) which are not covered by the construction method in
Theorem 8.1.
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